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' Abstract. K. Mahler introduced the concept of perfect systems in the general theory he de- 

^ veloped for the simultaneous Hermite-Pade approximation of analytic functions. We prove that 

, , Nikishin systems are perfect providing, by far, the largest class of systems of functions for which 

JjH ■ this important property holds. As consequences, in the context of Nikishin systems, we ob- 

' tain: an extension of Markov's theorem to simultaneous Hermite-Pade approximation, a general 

result on the convergence of simultaneous quadrature rules of Gauss-Jacobi type, the logarith- 
mic asymptotics of general sequences of multiple orthogonal polynomials, and an extension of 
the Denisov-Rakhmanov theorem for the ratio asymptotics of mixed type multiple orthogonal 

> polynomials. 
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' 1. Introduction 

'• 

ly-j , 1.1. Some historical remarks. In 1873, Charles Hermite publishes in [28] his proof of the tran- 

' scendence of e making use of simultaneous rational approximation of systems of exponentials. That 

paper marked the beginning of the modern analytic theory of numbers. 
' The formal theory of simultaneous rational approximation for general systems of analytic func- 

, tions was initiated by K. Mahler in lectures delivered at the University of Groningen in 1934-35. 

These lectures were published years later in [32]. Important contributions in this respect are also 
due to his students J. Coates and H. Jager, see [12] and [29]. K. Mahler's approach to the simulta- 
1 J neous approximation of finite systems of analytic functions may be reformulated in the following 

rS , terms. 

' Let f ~ (/o, . . . , fm) be a family of analytic functions in some domain D of the extended complex 

plane containing oo. Fix a non-zero multi-index n = (ng, . . . ,«m) G Z^"*"^, |n| = + . . . , rim- 
There exist polynomials a„,Oj • ■ • i o,n,m, not all identically equal to zero, such that 

i) degan j < rij — 1, j — . . . ,m {dega^.j < —1 means that a^j = 0), 

ii) Er=oan,,W/j W - c?nW = 0(l/zl"l),z ^ «), 
for some polynomial d-^. Analogously, there exists Qn, not identically equal to zero, such that 

i) degQn < |n|, 

ii) Q„(z)/,(z) - P„j(z) = 0(l/z":'+i),z ^ oo,j = 0,. . . ,m, 

for some polynomials Pn,j,j = 0, . . . , m. 

Initially, the polynomials a^.o, • • • ,an,m were called latin and Qn german polynomials, due to 
the letters employed in denoting them (see the papers of Mahler, Coates and Jager cited above). 
The polynomials dn and Pn,j , j = 0, . . . , to, are uniquely determined from ii) once their partners are 
found. Later, the two constructions have been called type I and type II polynomials (approximants) 
of the system (/o, . . . ,/m)- Algebraically, they are closely related. This is clearly exposed in 
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[12], [29], and [32]. When m = both definitions coincide with that of the well-known Pade 
approximation in its linear presentation. 

Apart from Hermite's result, type I, type II, and a combination of the two (called mixed type), 
have been employed in the proof of the irrationality of other numbers. For example, in [7] F. Beukers 
shows that Apery's proof (see [1]) of the irrationality of C(3) can be placed in the context of mixed 
type Hermite-Pade approximation. See [47] for a brief introduction and survey on the subject. 
More recently, mixed type approximation has appeared in random matrix and non-intersecting 
brownian motions theories (see, for example, [6] and [13]). 

In applications in the areas of number theory, convergence of simultaneous rational approxima- 
tion, and asymptotic properties of type I and type II polynomials, a central question is that of 
uniqueness, to within a constant factor. 

Definition 1.1. A multi- index n is said to be normal for the system f for type I approximation 
(respectively, for type II,) if degan,j = rij — l,j = 0, . . . ,m (respectively, deg(5„ = |n|). A system 
of functions f is said to be perfect if all multi-indices are normal. 

It is easy to see that under normality (dn.o, • • • ) an,m) and Qn are uniquely determined to within 

a constant factor. 

Considering the construction at the origin (instead of z = oo which we chose for convenience), 
the system of exponentials considered by Hermite, {e^"^, . . . , e'""'^), ^ Wj,i ^ = 0, . . . , m, 
is known to be perfect for type I and type II. A second example of a perfect system for both types is 
that given by the binomial functions (1 — z)™" , . . . , (1 — i;)™" , Wi — wj ^ Z. All multi-indices n such 
that no > • ■ • > rim are known to be type I and type II normal for (log™(l — a;), . . . , log(l — a;), 1). 
When normality occurs for multi-indices with decreasing components the system is said to be 
weakly perfect. Except for systems formed by Cauchy transforms of measures, basically these 
are the only examples known of perfect or weakly perfect systems. 

1.2. Markov systems and orthogonality. Let s be a finite Borel measure with constant sign 

whose compact support consists of infinitely many points and is contained in the real line. In the 
sequel, we only consider such measures. By A we denote the smallest interval which contains the 
support, supps, of s. We denote this class of measures by A4{A). Let 

siz)= 

J z-x 

denote the Cauchy transform of s. Obviously, s e 'H(C \ A); that is, it is analytic in C \ A. If we 
apply the construction above to the system formed by s (to = 0), it is easy to verify that Qn turns 
out to be orthogonal to all polynomials of degree less than n € Z_|_ . Consequently, deg Qn = n, all 
its zeros are simple and lie in the open convex hull Co(supp s) of supp s. Therefore, such systems 
are perfect. Let us see two other examples much more illustrating. 

1.2.1. Angelesco systems. In [2], A. Angelesco considered the following systems of functions. Let 
Aj,j = 0,... ,TO, be pairwise disjoint bounded intervals contained in the real line and Sj,j = 
0, . . . , m, a system of measures such that Co(supp sj) = Aj. 

Fix n e Z™"*"^ and consider the type II approximant of the so called Angelesco system of 
functions (sq, . . . ,?„) relative to n. It turns out that 

j x^Qn{x)dsj{x) =0, V = Q, . . . ,nj — 1, j = 0, . . . ,m. 

Therefore, Qn has rij simple zeros in the interior (with respect to the euclidean topology of M) 
of Aj. In consequence, since the intervals A^- are pairwise disjoint, degQn = |n| and Angelesco 
systems are type II perfect. Type I perfectness for Angelesco systems has not been studied. 

Unfortunately, Angelesco's paper received little attention and such systems reappear many years 
later in [34] where E.M. Nikisliin deduces some of their formal properties. 

Though type II normality for Angelesco systems is so easy to deduce, the multiple orthogonal 
polynomials and the rational approximations associated with them do not have good asymptotic 
behavior. In [25] and [3], their logarithmic and strong asymptotic formulas, respectively, are given. 
In this respect, a different system of Markov functions turns out to be much more interesting and 
foundational from the geometric and analytic points of view. 
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1.2.2. Nikishin systems. In an attempt to construct general classes of functions for which normality 

takes place, in [35] E.M. Nikishin introduced the concept of MT-system. Let Ac, A/3 be two non 
intersecting bounded intervals contained in the real line and aa £ M.{/S.a),(7p G AI(A^). With 
these two measures we define a third one as follows (using the differential notation) 

that is, one multiplies the first measure by a weight formed by the Cauchy transform of the second 
measure. Certainly, this product of measures is non commutative. 

Above, dff denotes the Cauchy transform of the measure a^. The reader may argue, and we 
agree, that the appropriate notation is a^. However, throughout the paper, we will need Cauchy 

transforms of measures with several sub-indices and supra-indices; for example ^ (and much 
more extended) . The correct notation causes space consumption and aesthetic inconveniences. So, 
be cautious, s^j is not the Cauchy transform of s sub-indexed with l,j and then squared, but 
precisely the Cauchy transform of a measure denoted s^ j. The good news is that powers rarely 
appear in the paper and they are clear from the context (for example, (—1)-' or z'^). 

Definition 1.2. Take a collection A^, j = 0, . . . , m, of intervals such that 

Aj-nAj+i =0, j==0,... ,m-l. 

Let (ctq, . . . , am) be a system of measures such that Co(suppcrj) = Aj, Uj S M.[/S.j),j = 0, . . . , m. 
We say that (sq, . . . , Sm) = M{ao, ... , am), where 

So = o'o, s\ = {ao,ai),... , = (ctq, (cti, . . . , C7m)) 

is the Nikishin system of measures generated by (ctq, . . . , am)- 

Fix n G Z"'^^ and consider the type II approximant of the Nikishin system of functions 
(s"o, • • • 5 Sm) relative to n. It is easy to prove that 

J x''Qn{x)dsj{x) = 0, u = 0, . . . ,nj — 1, j = 0,...,m. 

All the measures sj have the same support; therefore, it is not immediate to conclude that deg Qn = 
|n|. Nevertheless, if we denote 

Sj^k = {aj,aj+i, ... ,ak), .j < k, s^j = (aj) = aj, 

the previous orthogonality relations may be rewritten as follows 

/m 
{po{x) + '^Pj{x)si^k{x))Qa{x)dao{x) = 0, (1) 
fc=l 

where Po, - ■ ■ ,Pm are arbitrary polynomials such that degpk < — 1, k = 0, . . . , m. 

Definition 1.3. A system of real continuous functions uq, . . . ,Um defined on an interval A is 
called an AT-system on A for the multi-index n G Z™"*"^ if for any choice of real polynomials (that 
is, with real coefficients) po,--- ,Pmjdegpfc <nk — 1, the function 

m 

'^Pk{x)uk{x) 

/c=0 

has at most |n| — 1 zeros on A. If this is true for all n G Z™"*"^ we have an AT system on A. 

In other words, Uq,. . . ,Um forms an AT-system for n on A when the system of functions 

(uo,-- - ,.t""~^uo,wi, . . . ,a;"'""^u™) 

is a Tchcbyshev system on A of order |n| — 1. From the properties of Tchebyshcv systems (see [30, 
Theorem 1.1]), it follows that given xi, . . . , xn, N < |n|. points in the interior of A one can find 
polynomials ho,. . . , hm, conveniently, with deghk < nk — I, such that J2^=o ^k{x)uk{x) changes 
sign at a^i, . . . , a;jv, and has no other points where it changes sign on A. 

In [35], Nikishin stated without proof that the system of functions (l,s"i_i,... ,si,m) forms 
an AT-system for all multi-indices n such that no > • • • > Um (he proved it when additionally 
no — rim < !)• Due to (1) this implies that Nikishin systems are type II weakly perfect. 
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The proof of Nikishin's assertion is a consequence of [15, Theorem 4.1]. Actually, Driver and 
Stahl proved normality for the wider class of multi-indices 

Z™+i(®) = {n e Z™+^ ■.0<j<k<m^nk<nj + l} 

(see also [26]). In [15, Theorem 4.2], for the same class of multi-indices, the authors also proved 
type I weak perfectness for Nikishin systems. In the same paper (see remark on page 171), it is 
shown that when m = 1 Nikishin systems are type II perfect. Improvements are also contained in 
[9, Theorem 1] (see also [22, Theorem 2]) where normality is proved for all multi-indices in 

Z'['+^(*) = {n e Z'^^^ :^0<i<j<k<m such that n, < nj < Uk} 

and [19, Theorem 1] containing the proof that for m = 2 Nikishin systems are type II perfect. 

Ever since the appearance of [35] , a subject of major interest for those involved in simultaneous 
approximation was to determine whether or not Nikishin systems are perfect. The main result of 
this paper gives a positive answer to this question. Moreover, we will prove perfectness for mixed 
type Nikishin systems, containing type I and type II as particular cases. The proof is based on 
the reduction of the problem to the case of multi-indices with decreasing components (that is, to 
weak perfectness). In the sequel, 

Z7+i(.) = {n e : no > • • • > 

Notice that 

z;'+^(.) c c 1"^+^*) c z™+\ 

When m = these sets are equal. For m = 1 the last two coincide. If m > 2 they are all distinct. 

The proof of the main result relies on interesting reduction formulas concerning products and 
ratios of Cauchy transforms of measures. We will see numerous consequences of the perfectness of 
Nikishin systems in: convergence of simultaneous Fade approximation, convergence of simultaneous 
quadrature rules, and asymptotic properties of multiple orthogonal polynomials. 

1.2.3. Mixed type Nikishin systems. In [42], Sorokin introduced the following construction. Let 

F = iUk), 

be an (1112 + 1) x (mi + 1) dimensional matrix of analytic functions in some domain D of the 
extended complex plane containing 00. Fix a multi-index n = (ni;n2) € U^^^^ x Z™^^^, such 
that |ni| = |n2| -|- 1. We denote rij = (ni,o, • • • , ni^rm), i = 1,2. There exists a vector polynomial 
An = (an,o, • • • , an.TOi), such that 

a) A„ ^ 0,degan,fc < ni,fc - l,fc = 0, . . . ,toi, 

b) (FA^, - B>l){z) = (0(l/z"^'''+i), . . . , C(l/z"^-2+i)* =: 0(l/z"2+i), z ^ 00. 

for some m2 -|- 1 dimensional vector polynomial (the super-index t means taking transpose and 
denotes the zero vector). Finding An reduces to solving a linear homogeneous system of |n2| 
equations determined by the conditions b) on |ni| unknowns (the total number of coefficients of 
the polynomials an,fe, = 0, . . . , mi). Since |n2| -I- 1 = |ni| a non trivial solution exists. 

Definition 1.4. A non zero vector An satisfying a)-b) is called mixed type vector polynomial 
relative to F and n e Z™i+^ x Z7=^+\ |ni| = |n2| + 1. If degttn.fe = ni,fc - 1, A: = 0, . . . , mi, 
the multi-index n is called mixed type normal. F is mixed type perfect when all multi-indices in 
Z™i+^ X such that |ni| = |n2| 1 are normal. 

This construction has as particular cases type I (m2 = 0) and type II (mi = 0) polynomials. 

Let 51 = (4o>-- - -So.mi) = - ,^mj>52 = (4o.--- > 4m J = ■ • ■ ,^mj,(^0 = 

(Tq, be two given Nikishin systems generated by mi -|- 1 and m2 + 1 measures, respectively. We 

underline the fact that both Nikishin systems stem from the same basis measure ctq = ctq, but 
there is no other restriction on them. Let us introduce the row vectors 

V={l.sl,,... Sl^J, V=(l,s},i,... ,s},„J 

and the (m2 -|- 1) x (mi -|- 1) dimensional matrix function 

W = U*V. 
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Define the matrix Markov type function 

W{x)dal{x) 



S(z) 



z — X 



understanding that integration is carried out entry by entry on the matrix W. We say that § is a 
mixed type Nikishin system of functions. 

In the rest of the paper, we will study mixed type Nikishin systems and their mixed type 
polynomials. Occasionally, we reduce the study to type II (mi = 0). In such cases, for simplicity, 
we reduce the notation. Namely, n = (no, . . . ,nm), the vector function will be f = (sq, . . . , Sm), 
where m = rn2, and {sq, ■ ■ ■ , Sm) = -A/'((To, . . . , am)- The mixed type polynomials An will then be 
denoted Qn- 

1.3. Statement of the main results. Mixed type Nikishin systems and their associated mixed 

type polynomials satisfy many interesting properties. Let us begin with 

Theorem I.l. Let (si^i, . . . , si,m) — A/'(cti, . . . , am) be given. Then, the system (1, si^i, . . . , si,rn) 
forms an AT-system on any interval A disjoint from Ai = Co(suppcri). Moreover, for each 
n S Z™"'"^, and arbitrary polynomials with real coefficients pi~.dcgpk < rifc — 1, fc = 0, . . . ,m, the 
linear form pq + X^feLi PkSi,kj has at most |n| — 1 zeros in C \ Ai. 

From here, we can prove 

Theorem 1.2. The matrix S is mixed type perfect. For each n € Z™^+^ x Z™^"'"^ |ni| = |n2| + 1, 
the vector polynomial An is uniquely determined up to a constant factor. 

In particular, this means that Nikishin systems are type I and type II perfect. 
An easy consequence of Theorem 1.2 (more precisely, of Lemma 2.3 below) is that the linear 
form 

mi 
fc=l 

has at least |n2| sign changes in the interior (with respect to the euclidean topology of R) of the 
interval Aq. In particular, for any n G Z™"*"^, the type II polynomial Qn(= an,o) has all its zeros 
located inside Co(suppao). This has a striking consequence in terms of the convergence of type II 
rational approximation of Nikishin systems. 

In [35], it was proved that for (sojSi) = ■A/'((To, CTi) 

lim =Sk, A; = 0,1, 

uniformly on compact subsets of C \ Co(suppcro), where the limit is taken along the sequence 
n = (n,n),n G Z_|_. When m2 = the corresponding result is Markov's classical theorem on the 
convergence of Pade approximants, sec [33]. The extension to diagonal sequences for arbitrary 
m and n G A C Z™~'"^(») such that |n| oo and max{no — rim : n € A} < oo is contained in 
[11, Corollary 1] (which also includes the case when the measures have unbounded support and a 
Carleman type condition is satisfied). Combining Theorem 1.2 and [21, Theorem 1] we obtain 

Corollary 1.1. Let (so,0)-- - )So,m,) = A/'(cto,--- ,am) and A c Z™^^ be given. Assume that 
there exist constants c > 0, «; < 1, such that 



Then, 



Moreover, 



rij > ^" ^ - c\n\'\ j = 0,... ,m. 



lim —'sok K. CC \ Co(supp uo), k = 0,. . . ,m. 

neA C^n 



lim sup ||so,fe - ^^11)^^^'"' < (^/c < 1, k = 0,... ,m, 

neA Wn 

where || • ||;c denotes the uniform norm on IC, 

Sic = inax{\(fit{z)\ : z G IC,t £ Co(suppcri) U {oo}}, 
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and ipt represents conformally C \ Co(suppc7o) onto the unit circle with ^Pt{t) = Q,ip^{t) > 0. 
Throughout the paper, the notation 

\im gn{z) = g{z), K. C Cl, 

stands for uniform convergence of the sequence of functions {gn}, n € A, to the function g on each 
compact subset )C contained in the indicated region (in this case ft). 

This result gives a very general extension of Markov's theorem. Notice that the sequences are 
not required to be close to diagonal (equal components in the multi- indices). 

Since the zeros Xnj,j = 1, . . . , |n|, of Qn are simple, we can decompose Pn,k/Qa as follows 

P-n,k{z) _ ^n,k,i ^ _ (z — X ) — ^n,kiXn,i) 

The following analogue of the Gauss-Jacobi quadrature formula takes place. 

Corollary 1.2. Let (so,o, • • • , so,m) = ■A^(o'o, • • • , fm) o-nd n = Z™"*"^ be given. Then, for each 
k = 0,. . . , m and every polynomial p, degp < |n| + rifc — 1 



/ 



|n| 

P{x)dSQ^k{x) =^Xii,k,iP{Xn,i)- 



If n = {n,n + 1, . . . ,n + 1), then 

sign(A„,fc,i) = sign(so,fc), i = l,... , |n|. 

Consequently, for the sequence of m,ulti-indices {{n, n+l, . . . , n+l)}nez+ C 'Z^'^^ , for any bounded 
Riemann-Stieltjes integrable function f on Co(supptTo) and each k = 0,. . . ,m 



f{x)dso,k{x) = Jim ^ Xn,k,if{Xn,i)- 



This result provides convergence of the quadrature formulas simultaneously for all the measures 
in the Nikishin system taking the same nodes in all the quadrature formulas. Simultaneous quad- 
rature formulas were studied in [8] in connection with certain application to computer graphics 
illuminating bodies. Whenever feasible, simultaneous quadrature formulas arc more efficient, from 
the computational point of view, compared with the use of Gauss-Jacobi quadrature indepen- 
dently on each measure. In [22], a more detailed study of simultaneous quadrature formulas for 
Nikishin systems of measures may be found. We wish to point out that for the class of multi-indices 
considered in Corollary 1.2 all the statements in [22, Corollary 2] hold true for all /c = 0, . . . ,m. 

Theorem 1.1 follows easily from 

Theorem 1.3. Let (si,i,... ,si,m) = A/^(cti,... ,am) and n = (no,... ,nm) S Z™"*"^ be given. 
Then, there exists a permutation A o/ (0, . . . , m) which reorders the components of n decreasingly, 
'i'A(o) > • • • > 'T'A(m)) (I'lT'd ^i*^ associated Nikishin system S{X) = (ri^i, . . . ,ri_m) = A/'(pi, . . . ,Pm) 
such that for any real polynomials pk, degp/j <nk — ^, there exist real polynomials qk such that 

m rn 

Po + ^PkSi,k = {qo + ^qkri,k)si,x{o), deggfe < nA(fe) - 1, fc = 0, ...,m. 
fe=i fe=i 

We wish to point out that here si,o denotes the function identically equal to 1; this is relevant 
when A(0) = 0. There may be several permutations A for which the statement holds, each one with 
an associated S{X). We do not know if there is an S'(A) for each A which reorders the components 
of n decreasingly. As reference, we can say that there exists S{X) (but not exclusively) for that A 
which additionally satisfies that for all < j < fc < n with nj = then also X{j) < X{k). 

Theorem 1.4. Suppose that S'^ = (4,o. • • • = -^K'-- - ^'^ln,),S'^ = (so,o.--- .4^2) = 

N{al,... ,cr^J,cro = '7o> andn = (ni;n2) e Z™i+^ x Z+^+\ |ni| = |n2|-H, be given. Let A2 and 
S{X2) = M{p\, . . . ,Pm2) ^ permutation and a Nikishin system associated with Af{af, . . . ,a'^^) 
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and 112 by Theorem 1.3. Construct {r^^Q,... ,r^,„J = M{pl,... ,p^J, where pi = sl ^^^f^^^al. 
Then 

j x''An{x)drl^k{3:) = 0, = 0, . . . ,n2,A2(fe) - 1> k = 0,...,m2. 

Using Theorem 1.4 and results from [23], we can obtain logarithmic and ratio asymptotics for 
sequences {^n}neA;^ C Z™^"*"^ x Z™^"*"^, |ni| = |n2| + 1, under appropriate assumptions on the 
measures generating S^,S^, and A. 

A positive measure a is said to be regular if 

lim kI/" = 1/cap (supper), 

n^oc 

where cap(-) denotes the logarithmic capacity of the Borel set (•) and k„ denotes the leading 
coefficient of the n-th orthonormal polynomial with respect to a. A negative measure a is rogiilar if 
—a is regular. In cither cases we write a G Reg. For equivalent forms of defining regular measures, 
see sections 3.1 to 3.3 in [45] (in particular Theorem 3.1.1). For short, we write (S'^, 5'^) G Reg to 
mean that all the measures which generate both Nikishin systems (S^.S'^) arc regular. 

A region il of the extended complex plane which has a compact complement E is said to 
be regular if the Dirichlet problem has a solution on for any continuous function defined on 
dU = dE. This is equivalent to proving that the Green's function on VL with singularity at cxd can 
be extended continuously to all C (for details on Green's function and regular domains see [27, 
Theorem 10.12]). In this case it is usual to say also that E \s & regular compact set. 

Definition 1.5. We say that a compact set E is quasi-regular when E = E U e, where £^ is a 
regular compact set and e is at most a denumerable set whose accumulation points lie in E. 

Let A = A(pi,o, • . . ,Pi,rni',P2.0i ■ ■ ■ ,P2.m2) C X Z'J*^"'"^ bc an infinite sequence of distinct 

multi- indices such that for each n = (ni,n2) G A, |ni| = |n2| + 1, and 

rH =-Pi.J ^ (O'l)' i = 0, ...,mi, lini ^ =p2,j € (0, 1), j = 0, ...,m2. 
neA |ni| neA |n2| 

The following two results require some normalization on the sequence of linear forms under 
consideration. By Theorem 1.2, for each n G Z™^^^ x Z™^"*"^, An is uniquely determined except 
for a constant factor. 

Definition 1.6. Let min{ni,o,... ,'^i,mi} > 1- We say that is monic if the leading co- 
efficient of ttnj is 1, where j is either mi when ni.mj = min{ni,o, . • . ,ni^rni}, or if ni^mi > 
min{r7,i^0) ■ ■ ■ i ni,mi } it is such that ni ^ = min{ni,o, . . . , ^^i.mi } and ni ^ < ni,k, j < k < mi. 

We do not need to normalize An when rii has components equal to zero. We have 

Theorem 1.5. Let A = A(pi,o,... ,Pi,m^;P2,o, ■ ■ ■ ,P2,mJ c Z"^'+' x r^'+\{S\S^) G Reg, 
= Af{aQ,... ,cr^j), and = J\f{aQ,... ,(7^^) be given. Assume that the supports of the 

measures which generate S^,S'^ are quasi-regular. Then, the associated sequence of monic mixed 
type multiple orthogonal linear forms {^n},n G A, satisfies 

lim |X(2)|'/'"^' = G(z), /C C C \ (Aj U A}), 

nGA 

where A] = Co(supp(Tj^), z = 0, 1. 

A formula for G is given in (49) during the proof of Theorem 1.5. It is expressed in terms of the 
solution of a vector equilibrium problem for the logarithmic potential. The matrix governing the in- 
teraction between the different potentials in the system depends on (pi.o, . . . ■,Pi.miiP2,a, ■ ■ ■ ,P2,m2)- 

By allowing rjuasi-regularity of the supports, this theorem is already novel for standard orthog- 
onal polynomials (mi = m2 = 0) (see Lemma 5.3 below). Theorem 1.5 unifies the study of the 
logarithmic asymptotics of type I and type II multiple orthogonal polynomials under the most 
general conditions on the measures, their supports, and the behavior of the sequence of multi- 
indices on which the limit is taken. It is motivated by the results of [10], [26] and [36] where type 
I and type II were considered separately, and the generating measures are supported on intervals 
on which their Radon Nikodym derivative is positive almost everywhere. In [23, Theorem 1.3] an 
analogue was obtained assuming that the components of ni , n2 are decreasing and the supports of 
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the generating measures are regular sets. The first study of the logarithmic asymptotics of mixed 
type multiple orthogonal polynomials of Nikishin systems was carried out in [43] . 

For the next result, we assume that supp(cr*) = A^- U e*-,j = 0, . . . ,mi,i = 1,2, where A*- is 
a bounded interval of the real line, |(cr])'| > a.e. on A^-, and ej is at most a denumerable set 
without accumulation points in M \ Aj . We denote this writing 

= N'{al . . . , O, S^= M'{cjI . . . , <7^J. 

Notice the "prime" on N. In the context of this paper, this condition is the analogue of the one 

imposed by S. A. Dcnisov (sec [14]) in his extension of E. A. Rakhmanov's celebrated theorem 
on ratio asymptotics of orthogonal polynomials. The original proof of Rakhmanov's theorem is in 
[39]- [40]. An improved and reduced version of the proof by the author may be found in [41]. 

Fix a vector / := [li.l^) where < < mi and < ^2 < nn.2- We define the multi-index 
n' := (ni + e'i;n2 + e'^) = (n'^^;n2^), where e'" denotes the unit vector of length Wj + 1 with all 
components equal to zero except the component (Zj + 1) which equals 1. 

Fix two permutations Ai, A2, of (0, . . . , mi) and (0, . . . , m2), respectively, and a positive number 
C. By A(Ai, A2, C) we denote the set of all multi-indices n = (ni; nz) G Z™i+^ x Z"=^+^ such that 

a) jnij = |n2| + 1, 

b) Ai,S'(Ai), and A2,S'(A2), are solutions given by Theorem 1.3 to Tiii,J\f{<j\, . . . ,a'TOi)) and 
n2,M{crl, ... , crl^J, respectively. 

C) «i,Ai(0) - «i,A.(mi) < C, i = 1, 2, 
Any sequence A C Z™^"*"^ x Z™^"*"^ of distinct multi-indices satisfying a) and 

sup{max{ni,o, • • • , ?ii,mj - min{ni,o, • • • , ?^i,mj : n e A, i = 1, 2} < 00 

is contained in Uai,A2-^('^1; •^2, C) for some sufficiently large C, where the union is taken over all 

possible pairs of pcrmiitations. Thus, any such A can be partitioned in a finite number of sequences 
of indices satisfying a)-c) for the same pair Ai, A2 of permutations, plus a set containing a finite 
number of multi-indices. 

Theorem 1.6. Let 5^ = J\f'{al,... ,aj^J,S^ = M'{al,... ,cr^J and Ai,A2, he given. Fix I = 

{h'jh),^ < '1 < mi,0 < ^2 < fn2- Let A C Z™^^ x Z™^^ be an infinite sequence of distinct 
multi-indices such that for all n G A, n, n' G A(Ai, A2. C) for som,e sufficiently large C. Then, the 
associated sequence of monic mixed type multiple orthogonal linear forms {^n},n G A, verifies 

lim = A'^^\z), ICCC\ (supp(j(i U Co(suppai)) , 

neA An(Z) 

where A^''^ is a one to one analytic function inC\ (Aj U A}). 

An expression for ^^'^ will be given in (50) at the end of the proof of this result. The answer is 
given in terms of a conformal representation of an associated Riemann surface with mi -|- m2 -|- 2 
sheets and genus zero onto the extended complex plane. It also depends on Z, Ai, and A2. We wish 
to point out that if A C A(Ai,A2,C), taking h = Ai(0) and I2 = A2(0) then n' G A(Ai, A2, C -|- 1), 
for all n G A. Therefore, for any sequence A c A(Ai, A2, C) we can always find at least one pair 
(hlh), for which ratio asymptotics can be proved. In general, (hih) is admissible if Ai and A2 
applied to n'^^ and 112 , respectively, are also decreasing for all n G A except at most a finite number 
of multi-indices. 

For type II multiple orthogonal polynomials, with generating measures supported on intervals, 
and multi-indices in Z™~''^(»), ratio asymptotics was proved in [5]. Different extensions followed in 
[31] and [23]. Theorem 1.6 is an immediate consequence of Theorem 1.4 and [23, Theorem 6.4]. 

Let M be the least common multiple of mi -|- 1 and m2 -|- 1. Denote n = (Hi; 112) which is 
obtained adding M/ (mi -|- 1) to each component of ni and M/ (m2 -|- 1) to each component of 112. 
We have 

Corollary 1.3. Let = N'ial, . . . ,(tI,,),S^ = A/''(crg, . . . he given. Let A C Z!['i+i x 

^m2-i-i infinite sequence of distinct multi-indices such that |ni| = |n2| -I- 1 for all n € A and 

sup{max{ni,o, • ■ • ,ni,mi} - min{ni,o, • • • ,«i,mj : n G A} < 00, i = 1,2. 
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Then 



lim 444 = Az), /C C C \ (suppCT^ U Co(supp(7i)). 



An expression for A appears in (51). 

The strong asymptotics of type II multiple orthogonal polynomials for Nikishin systems was 
given by A. I. Aptckarcv in [4] for diagonal sequences of multi- indices and systems of generating 
measures formed by weights satisfying Szego's condition. It remains the best result in this respect. 
To conclude the Introduction, we call the reader's attention to the excellent survey by J. Nuttall 
[38] on Hcrmite-Padc polynomials. Here, in the form of a general conjecture, the author draws 
the general picture of the asymptotic behavior of Hermite-Pade polynomials in terms of functions 
which are solutions of boundary value problems on associated Riemann surfaces. Our asymptotic 
results once more confirm his (at that time somewhat bold) predictions. 

2. Proof of Theorems 1.1, 1.2 and Corollary 1.1 
We begin with some auxiliary Lemmas. 

Lemma 2.1. Let Sk,k = 1, . . . ,m, be finite signed Borel measures with compact support such that 
Co(suppsfe) = A c R. Let F{z) = fo{z) + Er=i fk{.z)su{z) & n{C \ A), where fk G n{V), k = 
0, . . . , m, and V is a neighborhood of A. If F{z) = 0{l/z'^), — >■ oo, then 

m „ 

fk{x)dsk{x)=(), (2) 

k=l 

whereas F{z) = 0(1/ z), 2: — >■ 00, implies that 

F(^) = f]/M^M^. (3) 



k=l ■ 



Proof. Let F C V be a positively oriented closed smooth Jordan curve that surrounds A. If 
F{z) = 0{l/z^), 2: — >■ 00, from Cauchy's theorem, Fubini's theorem and Cauchy's integral formula, 
it follows that 

0= / F(z)dz = V / A(2)?fc(z)ciz = V / / Mfl^d5,(^)=27rzV / fk{x)dsk{x), 

and we obtain (2). On the other hand, if F{z) = 0{l/z), 2; — >■ 00, and we assume that z is in the 
unbounded connected component of the complement of F, Cauchy's integral formula and Fubini's 
theorem render 



F{z) 



Iwi Jt z-C 27ri f-' Jr 



2'jTi Jr z — C 2ni f-^ Jr z — C 
k=l 



fk{x)dsk{x) 



z — X 

which is (3). □ 

Lemma 2.2. Let (si^i,... ,s\^m) = ,am) and n e Z™"*"^ be given. Consider the linear 

form 

rn 

jC.a=Po + YpkSi,k, degpk<nk-l, k = 0,...,m, 

k=l 

where the polynomials pk have real coefficients. Assume that no = max{no, ni — 1, . . . , — 1}. If 
£n had at least |n| zeros m C \ Ai the reduced form pi + ^2^=2 PkS2,k would have at least |n| — no 

zeros in C \ A2 . 



Proof. The function is symmetric with respect to the real line jCa{z) = £a{z); therefore, its 
zeros come in conjugate pairs. Thus, if £„ has at least |n| zeros in C\ Ai, there exists a polynomial 
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Wa, degWn > |n|, with real coefficients and zeros contained in C\Ai such that C^/w^ G 'H(C\Ai). 
This function has a zero of order > |n| — no + 1 at oo. Consequently, for all = 0, . . . , |n| — no — 1, 



and 



Lyy Z^PO , Z' Pk, 



-Sl,k ■ 



k=l 



Prom (2), it follows that 

/m 
X^iPl +^PkS2,k){x) 
I o 



k=2 



dai{x) 



0, ... ,|n| -no-1, 



taking into consideration that si^i = txi and dsi,k{x) = 's2^kix)dai{x), k = 2, . . . ,m. 

These orthogonality relations imply that pi + J^"L2Pfe*2,fe has at least |n| — no sign changes in 
the interior of Ai. In fact, if there were at most |n| — no — 1 sign changes one can easily construct 
a polynomial p of degree < |n| — no — 1 such that p(j>i + X]feL2-Pfe^2,fc) does not change sign on Ai 
which contradicts the orthogonality relations. Therefore, already in the interior of Ai C C \ A2, 
the reduced form would have the number of zeros claimed. □ 

Using induction, this lemma already allows to prove the AT property for multi-indices in 
Z!J'+^ ((§)). That result is due to Driver and Stahl (see [16, Theorem 2.4.1]). 

We reduce the general case to the one with no = max{no, ni — 1, . . . , n^ — 1} with 

Lemma 2.3. Let (si^i, . . . , si,„i) = J\f{ai, . . . , a„i), m > 1, and n S Z™^"'" be given. Consider the 
linear form defined in Lemma 2.2. Assume that nj = max{no + l,ni, . . . ,nm}- Then, there 
exist a Nikishin system (sj 1, . . . , = M{al, . . . , cr^), a multi-index n* = (n^, . . . , n^) G Z™"'"^ 
which is a permutation of n with Hq = nj, and polynomials with real coefficients pj^,degp^ < 
n*k — ^,k = 0, . . . ,m, such that 

m m 

Cn=P0 + ^PkSl,k = {Po + ^PkSl,k)si,j = Csi.j- 

fc=l k=l 

The proof is quite intricate and we leave it to the next section. Instead let us prove Theorem 
1.1 assuming that the Lemma 2.3 is true. 

Proof of Theorem 1. Obviously, the first statement of the theorem follows from the second. 

We prove the second one using induction on m. For m = the linear form reduces to a polynomial 
of degree < no — 1 and thus has at most no — 1 zeros in the complex plane as claimed. 

Assume that the result is true for any Nikishin system with m — 1(> 0) measures and let us 
show that it is also valid for Nikishin systems with m measures. To the contrary, let us suppose 
that £„ has at least |n| zeros on C \ Ai. 

Should no = max{no, ni, . . . , rim}, by Lemma 2.2 the linear form pi + Y^=2Pk^'^,k would have 
at least |n| — no zeros in C \ A2. Now, |n| — no is the norm of the multi-index (ni, . . . , n„i) which 
together with the Nikishin system JV{a2, ■ ■ ■ ,<Tm) define the reduced form. This contradicts the 
induction hypothesis. 

Suppose that nj = max{no + 1, ni, . . . , n„}. According to Lemma 2.3, the linear form has 
the same zeros as in C \ Ai, since sij is never zero on that region. The multi-index n* which 
determines £* has the same norm as n and its first component satisfies the assumptions of Lemma 
2.2. Following the same arguments as before we arrive to a contradiction. The proof is complete. 
□ 

For the proof of Theorem L2 and Corollary LI, we also use 
Lemma 2.4. Let § and n e x Z™=^+\ |ni| = |n2| + 1, be given. Then An satisfies 

jCnAx)An{x)d4{x) = 0, (4) 
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for any linear form 

where the pj,j = 0,... ,m2. denote arbitrary polynomials such that dcgpj < n2,j — 1. ho-s 
exactly |n2| zeros in C \ Co(supp(Tj), they are simple, and lie in the interior o/Co(supp(Tq). 

Proof. In fact, from the condition b) of Definition 1.4 it follows that there exists a polynomial 
dnj such that for any polynomial pj,degpj < n2j — 1, j e {0, . . . ,m2}, 

r si Jx)sl Jx)da^{x) \ , 

VAA f E«n.fcW y T-x - '^"•^H = ^ (^/^^ ' ^ 

(here g = 1) and the function on the left hand side is holomorphic in C \ Co(supp ctq). Using 
Lemma 2.1, it follows that 

/ mi 
Pj{x)sl,j{x)^an,k{x)sl^k{x)dal{x) = 0. 

Adding these relations for j = 0, . . . , m2, we obtain (4). 

From Theorem 1.1, wc know that An has at most |ni| — 1 = |n2| zeros on C \ Co (supper}). 
From (4) it follows that this form has at least |n2| sign changes in the interior of Co(suppc7g) = 
Co(suppcrQ). Therefore, the last statement is obtained. □ 

Let us prove Theorem 1.2 assuming that Lemma 2.3 (Theorem 1.1) is true. 

Proof of Theorem 1.2. Suppose that for some n, An is not normal. That is, some component 
On,fc of A„ has dcgfln fe < ni_fe — 2. According to Theorem 1.1, An can have on the interval 
Co(suppcrg) at most |ni| — 2 = |n2| — 1 zeros. Consequently, this function can have in the interior 
of Co(supP(7q) at most iV < |n2| — l sign changes. Suppose this is the case and let a; i, .. . ,X]\[heih.e 
points where it changes sign. According to Theorem 1.1, (1, j^, . . . , sf m^) is also an AT system. 
Using the properties of Tchebyshev systems, we can find polynomials po, ■ ■ ■ ,Pm2) with degpj < 
n2,j — 1, such that jCn{x) = Po{x) + J2™IiPj{x)'sl j{x) changes sign at . . . ,xn, and has no other 
points where it changes sign in the interior of Co(supp(T§). Therefore, the function Cn{x)An{x) 
has constant sign on Co(suppc7o) but this contradicts (4) since ctq is a measure with constant sign 
whose support contains infinitely many points. Thus, degan.fc = '^i.fc ~ 1)^ = 0,... ,mi, and 
perfectness has been established. 

Let us assume that there are two non collinear solutions A„, A*, to a)-b). Then, there exists a 
real constant C ^ such that An — CA* ^ and at least one of the components of An — CA* 
satisfies deg(an,A; — Ca* j.) < rii.fe — 2. This is not possible since An — CA* also solves a)-b) and 
according to what was proved above all its components must have maximum possible degree. □ 

Definition 2.1. Let E he a, subset of the complex plane and U the class of all coverings of E by 
disks Un- The radius of J7„ is denoted |?7„|. The (one dimensional) Hausdorff content of E is 

h{E) = mi{J2\Un\:{U^}€U}. 

Let {/njragA be a sequence of functions defined on a region D C C We say that {fnjneA 
converges to / in Hausdorff content on D if for every compact set /C C and any e > 



We denote this by 



lim/i({^eX;: |/„(^)-/(^)| >e})=0. 



H- Mm fn = f, /C C D. 

n—>oc 



In [24, Lemma 1], A. A. Gonchar proved that if the functions /„ are holomorphic in D and 
they converge in Hausdoff content to / in D, then / is in fact holomorphic in D (more precisely, 
difi'ers from a holomorphic function on a set of zero Hausdorfi^ content) and the convergence (to 
the equivalent holomorphic function) is uniform on each compact subset of D. 
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Proof of Corollary 1.1. In [21, Theorem 1] it was proved that under the assumptions of the 
corollary, for each k = 0,. . . ,m, 

H — lim R„k = Sfe, /C C C \ Co(suppcro). 

nGA 

Due to Gonchar's lemma and the last assertion of Lemma 2.4, it follows that convergence is uniform 
on each compact subset of C \ Co(supp(To). Regarding the proof of the rate of convergence, we 
refer to the last sentence on page 104 of [21] (see also [21, Corollary 1]). □ 

3. Proof of Lemma 2.3 and Corollary 1.2. 

It is well known (see appendix in [30] and [45, Theorem 6.3.5]) that for each s G A1(A), there 
exists a measure r e Ai{/^) and (.{z) = az + h,a = l/\s\,b & such that 

1/s{z)=1{z)+t{z), (5) 

where \s\ is the total variation of the measure s. For convenience, we call r the inverse measure of 
s. Such measures will appear frequently in our reasonings, so we will fix a notation to distinguish 
them. They will always refer to inverses of measures denoted with s and will carry over to them the 
corresponding sub-indices. The same goes for the polynomials L For instance, if Sa,p = {aca^) 

l/Sa,/3(^) = ^a,fi{z) +Ta,fi{z). 

For convenience, sometimes we write {aa, crp) in place oisa,^- This is specially useful later on where 

we need the Cauchy transforms of complicated expressions of products of measures for which we 
do not have a short hand notation. Since Sa.a = <^a, we also write 

1/CTq(z) = ia,a{z) +Ta.a{z). 

Lemma 3.1. Let aa € M{lS.a), e M{lS.p), and n = 0. Then: 

'Soi{z)ap{z) = {aa,(J^{z) + {a^,aa){z), z eC\ (Aq, U A^) , (6) 

adz) _ \aa\ f {<yi3,'Ja){Xa) dTa,0{Xc,) _ \aa\ , ,Ta,/3 



(0-a,0-/3)(-2) l(^«CT;3)| J ^0{Xa) Z - X^ a/j 

{<^a,(^l3){z) \{cra,a^)\ f {a^,aa){Xa)dTa,a{Xa) \{(^a,(^0)\ , w ^ 

kaj J Z-Xa \aa\ 



cri3,cra){z), (7) 
(8) 



^a{z) 

Proof. In fact, (6) follows from the chain of equalities 

daa{xa)da[j{xfj) _ f f f ^ 1 A daaixa)daf}{x^) 



^ , ..^ , s f f daa{xa)dap{x/:s) f f 



Z "^CK ^ ^ ^ J (X l3 



f ^a{x0)^^^^^-^ + [ a^ixa) ^'^"^^"^ = {aa,a^{z) + (ap,ad{z). 

J Z - Xg J Z - Xa 



■ Xp 

Notice that 



{aa,af3){z) l(<^aCT/3)| 
From (5) and (6), it follows that 

^ajz) _ a[j{z)aa{z) _ {aa,ap){z) + {ap,aa){z) 
{(^a,(^0){z) a 13 {z) {a a, a {z) ai3{z){aa,ap){z) 

1 , {ap,a^{z) {ai3,aa){z) ^ 



a^z) ^piz) ' apiz) 

Since — y^^^^^^ + ^ + ^^^^^^^oi,i3 and ^'^'1'^°^ are analytic on a neighborhood of the interval A^ 



which contains the support of Ta,i3, relation (3) implies (7). 



NIKISHIN SYSTEMS ARE PERFECT 



13 



= CT/3(2) - {a-i3,a-a){z)£a,a{z) - {(7 f}, CFa){z)Ta,a{z) ■ 



The proof of (8) is similar but somewhat more direct. Again, we have that 

^K^) _ = f g H (C \ A„) , z^oo. 

aa{z) \aa,\ \zj 

Prom (5) and (6), we get 

{<yoc,<yp}{z) ^ da{z)dp{z) - {(Tp,Ga){z) 
da{z) ^a{z) 

But —li^I^jZsll _^ _ {ai3,aa)ia,a and {(Jp,aa) are analytic in a neighborhood of A^; therefore, 
(3) implies" (8). □ 

Formulas (5)-(6) arc the building blocks for (7)-(8) and many more interesting relations. Let us 
further extend Lemma 3.1. The new formulas may be grouped in two since (9) may be regarded 
a special case of (10) and (11)-(12) as special cases of (13). Putting each group in one formula 
causes some notational incongruence which wc prefer to avoid for the benefit of the reader. 

Lemma 3.2. Let (si^i, . . . , si^m) — A/'((Ti, . . . , am) be given. Then: 

si^ = ^-p^ - (ti,i, (s2,fe,cri)y, 1= j <k<m, (9) 
|si,i| 



+ (-l)^(nj,(T2,j,si,j),... ,(rjj,Sj_ij),(sj+i,fc,c7j)), 2<j<k<m, 



(10) 



Sl,j \Sl,j\ S2j 



+ (^,(S2J,C7l))= (11) 



^ + ^f^nj - in,, {r2„s,A l = k<j<m, 

{Tl,j, , {S3,j,a2)) = (12) 



Sl,j \Sij\ S3 

|S1,2| K.S:ij-Cr2 



\S3, 



{n,j, {T2,j,sij)) + (nj, {T2,j, sij), (raj, S2j)), 2 = k<j<m, 



(13) 



si,k |si,fe| , , i\k-i/ I \ / \ {Tk,j,Sk-i,j) I >-r 

= J- 1 + (-1) {TldAT2,j,Slj},... ,{Tk-l,j,Sk-2,j), ^ ,{Sk+lJ,CTk}} 

I 1 + l-lj \ \ (T2J, Sij), . . . , {Tk-l,j,Sk-2,j}, {Tk,j, Sk-l,j)) + 

{r2,j,si,j),.. . , {Tk,j,Sk-i,j), {Tk+i,j,Sk,j)) ■ 3 = k < j <m. 

Proof. Cauchy transforms equal zero at infinity; therefore, the constants appearing on the right 
hand sides in each of the first equalities of (9)-(13) must be as indicated, if in fact the other term 
is a Cauchy transform. Consequently, we will not pay attention to the constants coming out of the 
consecutive transformations we make in our deduction and simply denote them with consecutive 
constants Cj. 

Obviously, (9) is deduced from (8) taking aa = cri = Si,i and = (c72, ■ • • ,ak) = S2,k- Formula 
(10) is obtained applying (8) inside out several times as we will indicate. 
Let 2 < j < k < m. Using (8) on 'Sj^k/%,j, we have that 

(crj_i,CT^-,... ,ak) = { L ^'\sj^k) = (:^Sj-i,jT= C'lSj-ij - (sj_ij,Tjj,{Sj+i^k,crj))- 
In particular, if j = 2 we get 

(C71,IT2, . . . ,crk) = {U^,S2,k) = (;^Sl,2) = C'lSl,2 " (si,2,T2,2, (S3,fe,0'2)), 
S2,2 S2,2 
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and applying (8) on (si,2, T2,2, (s3,fc, cr2))/si,2, it follows that 

=Ci- J—{S1^2,T2,2, {S3,k,0-2)j= + (ti,2, (r2,2,Sl,2>, (s3,ft,Cr2)T 

Si, 2 Sl,2 |Sl,2| 

which is (10) for j = 2. 

Assume that j > 3. We write then 

Sl,k = {O'l, ■ ■ ■ )Crj-2, ^ — Sj-ij) 
^3,3 

and on account of (14), we obtain 



This means that 



or 



Sl,fe . 












Sl,/c 




1 


Si, 3 




Sl,3 



— = L/i - — (en, • • • ,crj-3, ' ^i-i.i'TjJ' \Si+i,/s)Crj7/) J > 4. 

si,i sij ^3-i,j 

Using (8) again, it follows that 

O2 - \rj_i,j, \T^3d' ^3-1,3)' \Sj+i,k,(^j))- 

Substituting above, we have 

^ = C3 + (-1)^^(S1,3,T2,3, (t3,3,S2,3), (S4,fe,(T3)y, j = 3, 

Sl,3 Sl,3 

or 

^ = C3 + {-'i-f^{(ri, ■ . ■ ,(Tj-3,Sj-2,j,Tj-ij, {Tjj,Sj-ij), {Sj+i,k,(^j)), j > 4. 

If J = 3 one more use of (8) brings us to (10). If j > 4 we keep on applying (8) inside out until we 
arrive at 

^ = C4 + (-l)-'"^:s— (si,j,T2,j, {t3J, S2,j), ... , {Tjj,Sj-ij), (Sj + i,fe, CTj))^, 

which is just one step away from (10) through (8) taking 

C^a = Sl,j, = {t2J, {t3J, S2,j), ... , {Tjj,Sj--ij), (Sj+i,fc, CJ-j)). 

Now, let us prove formulas (11)-(13). The second equality in each one of these relations is an 
immediate consequence of (8) since from it we get 

—5^ = — r , {Tk+i.j,Sk,j). (15) 

Sfe+i,i pfe+i,j| 

The proof of the first equality is obtained, generally speaking, as in proving (10) except that we 
begin using once relation (7). In fact, when k = 1 formula (11) follows directly from (7) taking 

o'a = — si,i and a 13 = S2,j- 

Assume that 2 < k < j < m. Using (7), it follows that 

{(Jk-l,Uk) = ( 1 ^'^ ,Sk,k) = {^^Sk-l,j) = Cs'Sk-lJ + {Sk-l,j, ^ '^'^ , {Sk+l,j,(Tk)). 
Sfc,j Sfcjj Sk-\-l^j 

Consequently, 

^ = C'S + J—{si,j, (S3,j, 0-2)7, ^ = 2, 

or 

= C5 + — ((71, . . . ,ak-2,Sk-l,j, ^ '''^ , (Sfe+l,j,(Tfe)), A; > 3. 
Sl,j Sij Sk+l,j 
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Prom this point on we use (8). Prom this formula, we obtain 

— Oe — {Tk-i,j, — 7^ , {Sk+i,j,crk)), 



and (12) readily follows if fc = 2. Por fc > 3 this implies 

^1,3 ^ 1 / {T3,j,S2,j) I \T 7 n 

^ = - — (Sij,T2,j, ^, (S4j,cr3)), fc = 3, 

or ^ 

^l.fc r-i / {Tk,j,Sk-l,j) I 7 \ ^ 

— = (^7 - — (en, • • • ,crk-3,Sk-2,j,Tk-i,j, :^ , {Sk+i,j,crk)), K > A. 

Sl,j Si J Sk+l,j 

Continuing down, using (8) on each step, we obtain 

Sl,k ^ . I T\k — 2 ^ / I \ I \ {"^kj J Sk—lj) I .'T" 
^ — =08 + (-ij — {Sl,j,T2J,{T3j,S2,j),.-- , [Tk-lJ , Sk-2,j) , :^ , \S/c+l,j, CTfe/;. 

One more use of (8) with 

fa = SlJ, = {T2J, \T3j,S2j), ■■■ , [Tk-lJ , Sk-2,j) , , \Sk+\,j,<Jk)) 

Sk+l,j 

gives the first equality of (13). With this we conclude the proof. □ 

Remark 3.1. We wish to point out that formulas (9)-(10) and the second equalities in (11)-(13) 
are contained in [17, Theorem 3.1.3], where they were deduced using the Stieltjes-Plemelj inversion 
formula. Our explicit expressions of the right hand sides are necessary for the arguments to follow. 
Additionally, the first equalities in (11)-(13) are of great value for the proof of the general case. 

Proof of Lemma 2.3 when j — 1. From (5) and (9), we have 

^ m ^ 

— = 7z — + y^Pk^ = 

Sl,l ^ Sl,l 

mil m 

(4,iPo +pi + X! "r^^''=) +^'oTi,l - ^Pk{n,i,s2,k,(Ti) = jC^- 

k=2 l^l'll k=2 

We are done taking n* = (m, no, n2, - ■ ■ , rim) and 

since (s2,fe,cri) = (((T2, cti), cts, . . . ,ak) when A; > 3. □ 
In the sequel 2 < j <m. Prom (5), (10), and the first equalities in (11)-(13), one has 

^ = ^ \-Pj+ 2^ Pk^^ = (h,jPo+Pj + 2^ I .Pk)+ 

^^'^ ^I'J kjtj,k=l ^^'^ kjij,k=l 1^1'^' I 

Ponj +Pl{^,{S2,j,(Tl)) + 

V'(-l)''~^Pfe(rij, {t2J,Sij), ... , (Tk-l,j,Sk-2,j), LlhiLjLj^A^ {Sk+l,j,(Tk)j+ 

k=2 

m 

i-iy Pki'^hiA'^^J^Sij),... ,{Tjj,Sj-ij),{Sj+i,k,'Tj))- (16) 

k=j+l 

Now, it is not so clear who the auxiliary Nikishin system should be because some annoying ratios 
of Cauchy transforms have appeared. We shall see that already for j = 2 there are two candidates, 
and for general j the number of candidates equals 2^^^. 

We can use (15) (see the second inequalities in (11)-(13)) to obtain 

^ = i^hjPo +Pj+ 2^ TT^Pk) + (Po + i' I 
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(-1F"S--i(tij, (r2,j, si,j), . . . , (tjj, Sj_ij))+ 

m 

(-1)^ XI Pfe('^lJ'('^2J,Sl,j),.-. ,(Tjj,Sj_ij),(Sj+i,fe,crj)). (17) 

fe=i+l 

(The sum Y^^2 empty if j = 2.) 

If we are in the class Z™"'"^(*) of multi-indices, and we take j to be the first component for 
which rij = max{no + 1, ni, . . . , rim}, then no > • • • > rij-i. It follows that 

deg(^i,jPo + Pi + X! "rn"^'=) <nj-l 

and 

deg(pfc_i + — — I Pk) < rik-i - 1, fc = 1, . . . , J - 1. 
|Sfc+i,j| 

Thus £* is the right hand side of (17), which is a linear form generated by the multi-index 
n* = (rij, riQ . . . , nj-i, nj+i, . . . , Um) G and the Nikishin system 

J^i<j'l,--- ,cr*m) = A/'(tij, (t2,j,Sij), . . . , (T,-j,Sj-lj), (cTj + i , (Jj ) , CT-,-+2 , ■ • • ,CT„i)- 

This would be sufficient to prove the AT property within the class because it is easy 

to observe that then (no, . . . ,nj_i,nj+i, . . . ,nm) G Z™(*) (see the proof of Theorem 1.2). This 
result was first obtained in [22, Theorem 2]. 

Of course, (17) is still valid in the general case but, if it is not true that no > . . . > n^-i, some 
of the degrees of the polynomials in the linear form on the right hand blow up with respect to the 
bounds established by the components of n*. We must proceed with caution. For this, we need 
two more reduction formulas which arc contained in the next lemma. 

Let 

Ta,/3\j,j denote the inverse measure of ((ctq,, cr^), cr^-). That is, 

l/((o-a,0-/3),0-7)(2) = ta.Pimi^) + 

where ^a,/3;7,7 denotes a first degree polynomial. This notation seems unnecessarily complicated. 
It is consistent with the one used later for more general inverse measures which will be needed. 

Lemma 3.3. Let A^, A„ and be three intervals such that n A^^ = = A^ n A^,. Let 
(T-y G M{A^), aa e M{Aa) and a/s G M{Ap). Then for any f G ii(cr-y) 

■\{Ta,a,0-i3,(Ta), JO-^,(^a){Z) = { ^ Ta,f}, J CTj , aa, (J/3){Z), (lo) 



■\ :^ Ta,0,<J^,aa,<Jp)\Z} = { :^ ;^ Ta,l3;'y,j)[Z). 



Proof. Let us prove (18). Taking into account (6) and (8), we have that 

CT^jjCTa), {f(J^i,aa)){z) = {f(Ty,<Ta){z){Ta,a,Crp,(^a){z) - {{f(Jj 



{f(Tj,aa){z) 



Wa\ ^aiz) j J \ \cTa\ ^a{x^) I Z - 



1 



\<ya,<^p){X^) \/CT7,(7a)(-2)- 



da{z) 
This and (7), render 

{{Ta,a,O-0,(^a), fo'j,<^a){z) = 

{aa,crj3){z) 
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Since 

aa{z) 



{(^a,(^0){z) 



{{Ta,a,(^l3,(^a),f(^1,(^a){z)^o(-] S 7^(C \ A^), Z 00, 



{(^a,(^0){z) 

that —{fcTj,aa) + |(J'^CT^)| {f^ii'^a^ ^fi) and {fcr^,(Ta,cr0) are analytic on a neighborhood of A„, 
on account of (3), we obtain (18). 

Now, we prove (19). From (8) and (6) 

\ ^ Ta,i3,aj,aa,(Ti3)[Z) = 

(^13 



l(0-/3,cra)| 



{Ta,l3,cr-y,0-a,0-p){z) - {Ta^fi, (T^,aoi, (J fi){z){Tp^p, Ga, (T p){z) + 



IW)I 

{{Ti}^p,aa,(Jp), {Ta,l5,(J^,(Ja,Cri3)){z) = 

{a^,act){z) . w \ // \ / \w ^ 



+ 



^I3{z) \ |(0-a,0-^)| ((T„,C7^>(2) 



|(o-a,0-/3)| {aa,CTf^(xi3) J Z - Xp 

{(rp,cTa){z) {{aa,(Ji3),a^){z) 



- + 



( {(Jl3,(Ta)[z) ^ \ \{{(Ja,af)),a^)\ fon\ 
I \- {Tl3,/3,(ra,(T0){z) I ^^^1 {TiS,0,{aa,CTl3),(T^){z) = (20) 

{(^f3,(^a}{z) {{cTa,(Tl3},<7^){z) | (cT/J , CTa) I I ( (c^a , (T/3) , CT^) | \ U\ 
^77^ ^TT ^ iTTTTi 1/„ „ \| ('r8,/3,(CT„,CT^),crT,)(2;) = 

W,ga)(^:) ((ga,a/3),aT,)(z) |((aa,o-/3), 0-7)1 , , > x 

{ai3,(7a){z) ((ga,gg),cr^)(z) ^ {a p, Og, a^){z) 

In the second last equality above, we employed that 

0= lim zda{z)'S0{z) = lim z{aa,(T0){z) + lim z{ap,Ua){z) = \{ua,cT0)\ + \{up,aa)\, 

which implies that \{aa,(Tfi)\ = -|(c7;3, C7„)|. Analogously, -\{{aa,ap),a^)\ = -|((c7„, cr^), cr^j)] = 
|(c7^,(£7„,cr^))| and by (8) 

{ap,{aa,a^)) |(o-ff, {aa,a^))\ - \{{aa,ai3),(7j)\ , i„ „ \ ^\ 

^ = \ 1 \rfiJ3,{{CFa,(^-t),Cri3l) = 1 1 {Tl3,f3,{(ya,(7p):0-^), 

which is used in the last equality. Therefore, from the chain of equations and (7), wo derive that 

(cra,cr^)(z) ,{(Ji3,aa) . (cT/J, Cr„) (2:) , (a/J, CTa , CT^) (z) (o-„,(7^)(z) 
-Ta,l3,Cri,0-a,(^l3)(Z) = ^ . x h 
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Taking into consideration that 

— — ^ — — ^V^,cr^,o-a,CT^)(^;) = O - e?^(C\Ag), z^oo, 

((o-„,(78).o-^)(z) (7/3 V^y 

whereas — ^"^-J"^ + ^'^'^'g"''^"^^ [((g'^CT'Jfa )| ^'^'^ (<^/3.^o.°'7) analytic on a neighborhood of A„, 
using (3) wo obtain (19). □ 

Proof of Lemma 2.3 when 2 < j < m. Set 

=P0+P0Tl,j +Pl{^, {S2,j,(ri)) + 

J-1 ■ Sfc 1 ■) 

m 

(-1)^ XI Pk{n,j,{T2,j,Slj),... ,{Tjj,Sj_ij),{Sj+i^k,(^j)), (21) 

where 

m I 

Wc took this function from the right hand side of (16). Wc must show that there exist a multi-index 
n* G Z™"*"^, which is a permutation of n, and a Nikishin system N{(Jq, . . . which allow to 

express £* as a linear form generated by them with polynomials with real coefhcients. So far, rig 
defined above serves the purpose of being the first component of n* and of being the polynomial 
part of the linear form. 

First step. Is no > n-i or no < '^i? (When no = ni we can proceed either ways.) 
Al) If no > ni, take n\ = no and = tij. Decompose ^^^jp''^^'> using (8). Then, the first three 
terms of £* are 

Po +P0O-1 +Pi{ — , (s2,j,o-i)) =Po + (Po H — Pi)i7i (r2,j,si,j)). 

Consequently, taking pi = pg + ^-^^j^^^j-^Pi, we have that degp^ < n^ — 1(= no — 1). 
In case that j = 2, we obtain 

m 

■^n =P0 +Pin,2 -Pl(Tl,2,(r2,2,Sl,2)) +X^''=('^1.2' (^2,2,51,2), (S3,fc,0-2)) 

(compare with (17)). Then, the proof would be complete taking n* = (n2, no, ni, ns . . . , n^) and 
the Nikishin system 

J^{(Ti,... ,0-;^) =A/'(ri,2,(T2,2,Sl,2),(o-3,f72),Cr4,... ,CTm)- 

(If m = 2, then n* = (n2,no,ni) and the Nikishin system is M{ti^2, (^2,2, Si,2))-) 
If J > 3, we obtain 

= P*0 +P*l^l - Pi W> {T-2,j, Slji) - P2{(Tt, ^^%^(t2,j, Sij)) + 
(-1) Pfe^O'l) V2J) Sl,j/) • • • ) \Tk-l,j,Sk-2,j), ^ , \Sfe+l,j,a-fe)) + 

k=3 

m 

(-1)^ X Pk{<^l,{T2,j,Slj),... ,{Tjj,Sj-ij),{Sj+i,k,(^j))- 

k=j + l 
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Bl) If no < ni, take nf = ni and = ^^^^^^n.j- We can rewrite (21) as follows 

(S2,i,cri) 

^(-1)*'-Vfc( , ^^'^ {T2,j,Sij),. . . , {Tk-l,j, Sk-2,j), {Sk+l,j, (Tk)) + 

fe=2 (S2J,0-l) Sk+l,j 

m ^ 

(-1)^ X] Pk{- — ^^CT^(r2j,Si,j),... ,(Tjj,Sj_ij),(Sj-+i,fe,crj)), (22) 
fe=j+i (S2,j,a-i) 

Decompose '^^•^ using (7). Then, the first three terms of £* in (22) can be expressed as 

{S2,j,tTl) 

Po+Pi^l +Po{ , ^^'^ ^ a()=Po + {pi + --^^^^^po)al +PoW, ^r2j;i,iy. 

(S2,j,0-l) KS2,j,0-i)| Cri 

Taking p* = + ^(jf^'^Jl ^'o > we have that degp^ < - 1(= ni - 1). 
If j = 2, due to (18) (in the next formula S4,fe = 1 if A; = 3) 

^^'^ ^ ((t2,2, S1,2), (S3,fe, 0'2)T = ^^-^((t2,2, S1,2), Sk.feCTs, (727 = 

(S2,2,cri) (o-2,0-i) 

,(0-l,(T2) ^ t /('^1>'^2) , , t 

\ T2,2;l,l, S4,/cf3, ('■2, Ci; = { T2,2;l,l , \Cr3 , (72 , CTi ) , S4 . 



Consequently, 



-^n =P0 +PO(0-1, ^T2,2;l,l> + V'pfc(0-i, ^T2,2;l,l , (c^s, £72 , (Tl) , S4,fe) . 

fe=3 

In this situation, we would be done considering n* = (n2, ni, no, ns, . . . ,nm) and the system 

A/-/ * *N .r/(<7'2,<7l) ((71, (T2) . , . 

TV (CTj, . . . , (T^j = Al ( ^ ri,2, ^ "^2,2;!, 1, \(73, (72, (7i) , (74, . . . , (7mj. 

(72 (7i 

(Should m = 2, then n* = (712- "1, no) and the Nikishin system is Af{ ''"^-"'''^ ti./- ■^^^gJ^T2,2:i,i)-) 
This result already includes new multi-indices for which it is possible to prove normality. The only 
sub-case studied previously (see [19]) was for m = 2. Therefore, if j = 2 we are done. 

Let us assume that j > 3. (The algorithm ends after j — 1 steps.) So far, we have used the 
notation Sk,i only with k < I. We will extend its meaning to > Hn which case 

S/c,i = ((7fe,(7fe_l, . . . ,(7i), k > I. 

Notice that if I < k < j, then 

{skj,Sk-ij) = (.Sfr.;,.SA-+ij)- 
The inverse measure of {sk,j,Sk-i,i) we denote by Tkj-k-i,i] that is, 

1/ {Sk,j, Sk-l,l) = ik,j;k-l,l + Tk,j;k-l,l 

In particular, T2j;i,i denotes the inverse measure of (s2j, (7i). 

Let us transform the measures in '^k=2 (^2). Regarding the term with p2, using (19) with 
Ca = o'2,o'i3 = and (7-y = (7i, we obtain 

S2.J ,(t2J,Sij) „ u _ /(■S3,j'0-2,(7l) SlJ 



^, ^ ,{S3,j,(T2)) = ^T2,,;l,l). 

(S2,j,(7l) «3,j S3J (71 
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For j = 3, J2k=3 empty) so here the formulas make sense when j > 4. Using (18), with = S2j, 
c/s = cTi, Cj = T3J, and 

(S4j,cr3) 



we obtain 



(T4,j,g 3,j) 
S5,- 



-, (S5,j,i74)), 



3 = fc < J < m, 

4 = k < j < m, 



{{Ti,j, S3,j), ■■■ , (Tfe_ij, Sfe_2,j), 'fhllI]LJ^^ {sk+i,j,(Jk)), 5<k <j <m, 



Sk+l,j 



(S2,j,a-i) 



((T2,j, Sl,j), . . . , {Tk-l,j, Sk-2,j), 



(Tfc,j-,.Sfc-l,j) 



,7 (T-3,j,52j,gl) , ,r 

— T2,j:lA, ^ , \S4j,0-3//, 

CT 1 S4 j 



'a 



( ^"^2 J;l,l , (T3 J , S2,j , CTi) , ^ , (S5 j , (74) ) , 

cr 1 S5 J 

T'2,j;l,l, (o'lS2,j)7"3J) . . , Sk-2,jTk-ij, 



^ Si 



\o'fcafc+i,j;sfc-i,j 



(Sfe+lJ,(7fe)) = 



3 = A; < j < rn, 
A = k < j <m, 
Tk,j), 5 < k < j <m. 



In the last row, we used a more compact notation to fit the line. Notice that it is the same as 

(^T2,j;l,l, {r3J,S2,j,(Ji), {t4J, S3j), ... , {Tk-lJ , Sk-2,j) , ^ '''t' ^ ^'^^ , (Sfe+l,j, CTfe)). 
fl Sk+l,j 

As for the terms in XlfeLj+u applying (18) with aa = S2,j, = ai, = t^j, and 

{s4,k, 0-3), ^ 3 = j < k < m, 

, ((T4,j, S3,j), • • • , {rj,j,Sj-ij), {sj+i^k,(Tj)), A<j<k<m, 



f = fi,j,k 
it follows that 



(S2j,cri) 



{{T2,j,Sij),... ,{Tjj,Sj-ij),{Sj+i^k,C^j)) = 



— Jl,j,kT3,j,S2,j,Cri) — 

0-1 



,Sl.3 



T2,3;l,l, (t3,3, 52,3,0-1 ), (S4,fe,Cr3)), 



3 = j < k < m, 



T2,j;l,l, {T3,j,S2,j, (T\) , (T4,j, S3,j), • • • , (Tj,j, (Sj+l,fe, <Tj)), A < j < k < 171. 



When j = m no such terms exist. 
Therefore, 



^l=Po +Pi'^i +Po{(^i, ^T2,j;i,i) -^2(0-^, 



* (S3,j, cr2- en) ^1,, 



(71 



S3, 



■T"2,j;l,l) + 



j-1 



y'(-l)'= Vfc(<7t, ^T2,j;l,l,/l,j,feT3j,S2,j,(7l) + (-1)'' Pfc (ct^ , ^T2 J;l,l , /lJ,feT3,j , S2,j , (Ti) . 

'—^ (J 1 (T 1 

fc=3 fc=J + l 

Using the notation for /i,j,fe defined previously, in Al) we ended up with 

= PO +P*l^t - Pi (T-2,j, Sl,j)T-P2(0-j|', ^^%^(t2,j, Sij)) + 



S3, 



J-1 



W' (^2,j, Sl,j), /l,j,fcr3,j, S2,j> + (-1)^ Pki^^l' (T2,j, Sl,j), fl,j,kT3,j, S2,j). 

k=3 k=j + l 

Denote ^ 

(h) _ / si,ir2j, Zi = 1, 

|fr2,,;l,l, /l=0. 
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The two formulas for £* may be put in one writing 



S3, 



J 



where 



<5fe,iPfe(o-i,Cr^''\/lJ,A;T3j,S2,Zi + l,S3,j>, 71;^ = min{no , Til }, 



We also have 

degpo < nj — 1 = Hq — 1, degpl < max{no, rii} — 1 = n* — 1. 

For j = 2 we found the following solutions 

max{no,ni} (ng, . . . ,71'-^) Afjcrl,... ,<j:^) 

no {n2,no,ni,n3, . . . ,nm) A/'(ti^2, (t2, 2^ si,2), S3,2, 0-4, CTm) 

ni {n2,ni,no,n3,... ,nm) A/'(||^ri,2, |^r2,2;i,i, ss.i, (^4, • • • 

(If m = 2, then n* has only the first three components and the Nikishin system has only the first 

two measures indicated.) 

We are ready for the induction hypothesis but, for the sake of clarity, let us take one more step. 

Second step. The case j = 2 has been solved; therefore, j > 3. We ask whether minjrio, ni} > 
n2 or min{no,ni} < n2? (When min{no,ni} = n2 we can proceed either ways.) 
A2) If min{noj"i} > "-2: take r?! = min{no,ni} and (t| = a2^\li G {0,1}. Decompose 
^^'''?3'f ""'^ losing (8). Then, the first four terms of £* reduce to 

Po+Pi^i +P*2{'^h<^2) +P2{crl,a2,T3j,S2,ii+i,S3j), Tii^ = min{no,ni}, 

with p* = (-l)'ip,, - ^^^f;5^P2, degp^ <nl-\. 
In case that j = 3, we have 

m 

=P0 +^10"^ +P2W.<^2) +P2W,0-2,r3,3,S2,ii + l,S3,3) - y^Pfc(cr*, fl,3,kr3,3, S2,h + i' ^3,s), 

k=4 

This subcase produces the two solutions (in both min{no, ni} > 712) 

max{no,ni} (ng,... ,nl^) J\f{al,... ,a;„) 

no {n3,no,ni,n2, . ■ .) A/'(ri,3,si^3r2,3, 82,3X3,3, 54,3, ... ) 

ni (n3,ni,no,n2,---) ^(%f;f^Ti,3, |i^r2,3;i,i, (r3,3, 52,3,0-1), 54,3, ... ) 

If m — 3, then n* has only the first four components and the Nikishin system has only the first 
three measures indicated. When m > 4 

,<,) = (n4,... ,nm), (0-5,... ,(J^) = (0-5,... ,am), (if w > 5). 

Let j > 4. Define 

— ^ , A = k < J <m, 

'^^'''''''^\{se,j,a,)l 5 = k<j<m, 



f = f2,j,k = < 



{{T5d,S4,j), ... , {Tk-i,j,Sk-2,j), '^"i' , {sk+i,j,akjj, 6 < k < j < m, 

(S5,fe,cr4), ^ 4: = j<k<m, 

, {{t5,j,S4,j), ... , {tjj,Sj-ij), (sj-+i,fe, aj)), 5 < j < k <m, 
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Prom (23), we obtain 

m 

h,jPk{o-l,cr2,{Tsj,S2,h+i,S3j),f2j,kT4,j,S3j), 71;^ = min{no, rii }. (24) 

B2) If min{no,ni} < n2, take = n2 and cil = ^^^■^^^^■'1+^^ 0-2'^^ Using (7) to decompose 
, the first four terms of £* in (23) become 



{s3,J,S2,!i+l> 



Po +P*i^*i -P2{cTl,a*) + {-ly^pM, '^^^^a^) = 

(S3J,S2,(i+l) 



Po +Pi^i +P2{<^i^<^2) + (-l)Sii(o-^,c^2> ^^'^'^'^^'^^'^^ r3j.2,h+i), ni^ = min{no,ni} 

S2,;i+i 

where = -p2 + (-l)'i - — ^"^''^ ^ pi^ , degp^ <n^-l. 

KS3,j,S2,ii+l)| 

If j = m = 3 we are done. Should m > 4 and j = 3, using (18) with C7„ = 0-3 = 83^3, ap = 
S2,;i+i,o'7 = S4,fe) and / = 1, for the terms in ^2^=4' obtain (see definition of /i,3,fe) 

(''■2''^/l,3,fe7-3,3^S2,^l+l,S3,3) = (- — ^'^2^^3,3, S2,h+i' ^3,3) , Si,k, 83,3) = 

(s3,3,S2,(i+l) 

/ * (s2,ii+i; 53,3) r 

\(^2' ^ '^3,3;2,ii+l,S4,fc,S3,;i+i;- 

■S2,;i + 1 

Therefore, 

S2,h + 1 

m I T 

El * * \S2,;i+l,S3,3; ^ 
0-2) 7-3,3;2,Zi + l, S4,fe, S3,ii + i) 

The case j = 3 is finished with two additional solutions (in both min{no,ni} < 71.2) 
max{no,ni} (ng, . . . ,n;^) A/"(q-t. . . . ,<„) 

(?^3,^^0,?^2,?^l,•••) A/'(ti^3, ||^Si_3T2,3, ||^T3,3;2,2, S4,2, • • ■ ) 

(n3,ni,n2,no, . . . ) AA(%^Ti,3, Ij^2.3;1,i, %jf^T3,3;2,l, .^4,1, . . • ) 

If m = 3, then n* has only the first four components and the Nikishin system has only the first 
three measures indicated. When m > 4 

(«!,••• ,Kn) = (n4,. .. ,nm), (0-5,.. . = (0-5,. .. ,(7„), (if m > 5). 

Let us transform the terms in X^feLs k^j of (23). Assume that j > 4. Consider the function 
multiplying P3; that is, when 3 = k < j < m. Using (19) with aa = (^3,<yp = S4,j, and = S2,ii+i5 
we obtain 

/ (h) J. T / ^3,j * {S4,],<J3) t 

\<^2 )/l,j,3T3,j,S2,;i+l,S3,j; = (" :^(^2^ T3J, S2,ii + 1, SS.j) = 

{S3,j,S2,h+l) 

(0^2) ^ T3j;2,;i+l), <! e |0, 1|. 

*4,j *2,;i+i 

To reduce the terms in X^^Z4 when 5 < j < m, and X]fcLj+i foi" 4 < j < m, apply (18) with 
Ca = S3J, Up = (J2 or ap = ((T2,cri), (T-y = T4J, and / = f2,j,k- It follows that 

{(^2^\h,j,kT3,j, S2,h + l,S3,j) = (" ^^^^ ^^3, {T3,j,S2,li + l,S3j),f2,j,kT4,j,S3,j) = 

{S3,j,S2,h + V 
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/ * {52,;i+l) S3j) -T" ; ^ rn 1 1 

\f2) :^ T3j.2,h + l,j2,j,kTiJ,S3j,S2,lj^ + l), <1 G jU, i|. 

S2,ii+1 



Therefore, 



ii„ /_* _* (S2,ii + l!S3,i) r 

T3,j;2,ii+l) + 



S2,/i + l 



(25) 



, * , (54,j,53,ii + l) {s2,h + l,S3j) - 

P3\CTi,Cr2, ^ Tsj.2,h + l), 

S4,j ^2,li + l 

EC ; * * {S2,li + l,S3j) ^ 
OkjPk [<^l,<^2' ^ 3 J;2,(i + 1 , j2,j,kT4J , S3 j > 52,(1 + 1/ , 

Let us write down (24)-(25) in one expression. Recall that j > 4. Take 

S2jT3j ,^ Zi = 1 in (24), 

(s2,j,Cri)T3j, 



^1 e{0,l}. 



= in (24), 
/i = lin(25), 

%^r3,,;2,i, /i=0in(25). 



5oT^3,j;2,2, 



Then 



(26) 



(27) 



^k,jPk{o-l,a-2,a^3^\ f2J,kT4,,j,S3,l2 + l,S4,j), Ul^ = minjno, TT-i , 77-2 }. 

We also have that degp^ < — 1, fc = 0, 1, 2, where 

{rij = max{no + l,ni, . . . fc = 0, 

max{no, rii}, k = 1, 

max{min{no,ni},n2}, k = 2, 

and the measures (j\,(J2 have also been determined. The polynomials pQ,p\,p2^ the indices 
nQ,n*,n2, and the measures u 1,(7 2 '^iU ^lot change in subsequent reductions. The structure of 
a Nikishin systems brakes down in the Cauchy transform multiplying p.3 due to an annoying ratio 
of Cauchy transforms modifying the third measure in the corresponding product. 

With this unified formula, you can repeat the line of reasonings employed in step 2 (or 1) and 
so on. Let us write down the eight solutions corresponding to j = 4. In the table, besides (27), we 
have that ri^ = max{min{no, ni, 722}, n^}, n% = min{no, . . . , ns}, and of course = n^. 

(nf,...,n|) A/'(a^...,0 



(no,ni,n2,n3 
(ni,no,n2,n3 
(no,n2,ni,n3 
(ni, 712, no, 713 

(no, 721,713, 712 

(ni,no,n3,n2 
(no,n2,n3,ni 
(ni,n2,n3,no 



A/'(ri,4,Si,4r2,4,S2,4T34, 53^4X44, . . . ) 

A/"( ^^g^'f'^ Ti,4, ^T2,4;l,l, (r3,4, S2,4, CTl), S3,4T4,4, S5,4. • • • ) 
^{tiA, ^^|^^y^Si^4T2,4, ^r3^4.2,2, (t4,4, .93,2, 0-4)! S5,4, . . . ) 



,4; 



(s3,4,S2,l) Sl,4 , 



A/'(^ 

■A/'(ti,4, Si,4T2,4, ^S2,4r3,4, ^.^ 

a.. ^1.4) ^T-2,4;l,l, -7(T3,4,S2,4,CTi) 



84,3 ^_ S3, 4 

CT4 



\S2 1 .■S3 4) / \ \ 

— '''3,4;2,1, (7-4,4,53,1, (74), S5,4, . . . ) 

T4,4;3,3, S5,3, • • • ) 



-'''4,4;3,37 ^5,3: ■ 



Ar(ri,4,^ 



(S3,4,a'2) 
S3, 4 



^ S42S'2,4^ (S3,2,0'4) N 

Sl,4T^2,4, ^^T-34;2,2, — 7-4,4;3,2 , S5,2 , ■ • ■ j 



^ (s3.4,S2,l) S'l.4 ^ S4 1 {S2,1,S3,4> {s3. 1,0-4)^ „ \ 

n,4, ST-^ l?rT^2,4;l,l, 5J-r^r3,4;2,l, , T4,4;3,l , Ss.l , • • • ) 



S2,4 ' ' S3, 4 Oi ^.-'■iji' 0-4 S2,l "'i-ii^.i' S3,i 

If m = 4, then n* has only the first five components and the Nikishin system has only the first 
four measures indicated. When m > 5 

(ng,... ,n*„) = (ns,... ,n„), (erg,... ,al,) = (ere,-- - ,CTm), (if m > 6). 

Summarizing, in step I we proved the statement of Lemma 2.3 when j = 2, showing that there 
are two solutions, and for j > 3 we obtained formula (23) which allowed us to prove in step 2 that 
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the lemma is true when j = 3, with 4 solutions, and for j > 4 to obtain formula (26), similar to 

(23), which provides the instruments to carry out step 3 and so on. The case j = 1 was treated 
separately. The induction will be on the number of successful steps we have been able to carry 
out. The counter of the steps will be denoted j*. Fix j,2 < j < m. Assume that we have been 
able to carry out j* steps. Let us describe what we have obtained in 

Step j*. Induction hypothesis. We have proved that the statement of Lemma 2.3 holds 
when j = j* + 1, with 2^~^ = 2^ solutions, and when j > j* + 2, we have defined: 

(1) indices 

* _ { rij = ma,^{no + l,ni, . . . ,nm}, k = 0, 
'^k-'y max{min{no,... ,nft_i}, rift}, k = l,...,j*. 

(2) integers lk,k = 0, . . . inductively as follows: Iq = 0, h is the subindex between those 

of no, Hi not employed in defining n*, and so forth until Ij* which is the subindex between 
those of no, . . . , nj* which was not employed in defining n^, . . . , n*» . In particular, 

ni^ = min{no, . . . ,nfe}. 

(3) polynomials 

Pk=\ (-l)''="'P(fc_i + Cij,fePfe, fc = l,...,j*, min{no, . . . ,nfe_i} > rife, 

I {-'^)''~^Pk+C2,j,kPh-i, k = l,...,j*, min{no,... ,nfe_i} < rife. 

where Cij^k,C2,j,k, are real constants different from zero. 

(4) functions 

(sj-+3,fc,o-j*+2), _ j*+2 = j<k<m, 

{{■Tj*+3,j,Sj*+2jj), ■■■ , {Tjj,Sj-ij), (Sj+i,fe, aj)), j* + 3 < j < k <m, 

(Sj.+3j,Crj.+2) 



j*+2 = k<j<m, 



(rfej,Sfc_ij) 



(Sj.+2jr,-+3j, . . . ,Sfc_2jrfc_i,j, — '-^z^ '—, (sfe+ij,afe)), j* + 4^ < k < j < m. 

Sk+l,j 

(5) measures ajf, . . . ,a*, and crjl^+i whose supports are contained in the same intervals Ai, . . . 
Aj.+i as (Ji, . . . , CTj.+i, respectively, where 

if max{min{no,... , "j* } = '^ir-i ' 
■' I k rj.+i,j;j.,;^._^+i, if maxjmmjno, . . . ,nj._i|,nj.} = rij.. 



With these elements, we have proved the formula (analogous to those obtained in steps 1 and 2) 

^*n=P0 



J2pl{al... ,al) + {-iy^'Pi,,K,---,'^*'^4+\)+ (28) 



i-^y Pj-+i Wi,-- - , , — — 

m 

h,jPk{<^l, ■■■ , cr*. , <^j*+i,fj'',3,kTj'+2,j, Sj*+2,j). 

k=j'+2,k=jLj 

Step j* + 1. Induction proof. To complete the induction we must prove in this step that 
Lemma 2.3 is satisfied when j = j* + 2, with 2^ solutions, and when j > J* + 3 to produce a 
formula which extends (28) one more step. 

Case A) Suppose that max{min{no, . . . ,nj»},nj»^i} = min{no, . . . ,nj*} = ni., . Take 

= n;^. and = C7^i^*|. 
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Using (8) on ^ ^ ^^'g./^^'^^''^*"''^^ ; from (28) it follows that 
•''*+^ 

^n=P0+ ^PU'^U--- >0-fe) + (-lF*"^^Pj*+l(0-l>--- ^<^j-^<^j'+l^Tj'+2,j,Sj'.+l,l^,+l,Sj.+2,j) + 
fe=l 

m 

where 

Pj-.+i = (-1)'^ Pz^. + (-!)•' ^ degp-.+i < rij.+i - 1. 

Since fj*j*+2,k = (sj*+3,fe, cTj.+2), if j = j* + 2 we have that £* is a linear form generated by 
n* = {hq,... ,n^.+i,nj.+i,nj.+3, . . . 

and the Nikishin system 

M{al,... ,<J*j* + i, (Tj.+2J»+2,Sj»+l,ij..+l,Sj»+2,j*+2),Sj*+3,j*+2,0-j.+4, • • • ,<Jm)- 

When m = j(= j* + 2), the system ends with the measure (rj*+2,j*+2, Sj»+i,z+i, Sj»+2,j*+2)- 
If j > j* + 3, (28) may be expressed as 

■^n=P0+ + ,0-*.+i,Tj.+2J,Sj. + l,;..+l,Sj.+2j) + 

fe=l 

I + l„* (■Sj*+3,ji '7'j*+2) ^ 

(-1) Pj*+2(0-i,... ,Crj-. + i, ^ Tj.+2,j,Sj-.+l,J^..+l,Sj-.+2,j) + (29) 

m 

Sk,jPk{'jl, ■ ■ ■ (■ri*+2j,.Sj'+i,;^..+i,.Sj'+2j),/j*+ij,fc'rj*+3j,Sj*+2j), 

where fj*^ij^k is defined as ,fj*.j,k substituting j* by j* + 1. 
Case B) If max{min{no, . . . , rij* }, — nj*+i, take 

n^-.+i = rij.+i and ct^-.+i = ^ ct^.^i- 

Rewrite (28) as follows 

j* ^ ^ 

fe=i 

\Sj*+2,j>Si* + l,ij.+l) 

m ^ 

^k,jPk{<7l, ■■■ , Cr*,,- ^-^t^lJ ^cr*. + i, /j* j,fcTj.+2j, Sj*+i,J^..+l, Sj.+2j). 

k=j''+2,kjtj \Sj*+2J, Sj' + l,lj^+l) 

Using (7), reduce fil±2ii the term with p; ., . This formula transforms into 

Cl=p*o+Y,pl{al... ,a*k}+ (30) 
fe=i 

/ in;,. / * * {sj'+id^,+i,Sj'+2,j) 

(-1)" Pij. (CTi,... — Tj.+2,j;j.+l,;^..+l) + 

Sk,jPk{o'i,--- ,crj*, IJ^ ^a*^_^_l,fj'^J^krj^+2,j,Sj'^+l,l.,+l,Sj^+2,j). 

k^r+2,kjij {Sj'+2,j,Sj'+l^l-,+l) 
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where 

Ph+i = i-'^y'Pj'+i + (-1)''' u ^^^^ V\P'r ' degp*.+i < - 1. 

If m = J* + 2 we are done, since the sum 5^)!^j.^2 k^j empty (recall that j* + 2 < j < m). 

Suppose that j* + 2 = j < m. Using (18) with Oa = o'j*+2, — c-y — Sj*+3,fe, and 

/ = 1, for the terms in (see definition of fj'j*+2,k), (30) becomes 

i*+i 

k=l 

( / * * (si'+i,i,-.+i,crj*+2) -r- 

(-1)" (0-1,... ,0-^-.+i, Tj.+2,j.+2;j*+l,;^.+l) + 

m / \ 

EC , * * \Sj*+l,ij.+l,crj.+2; - 
Ok,jPk\(^l,- ■ ■ , C^i' + li Tj>+2,j'+2;j'+l,lj,+l,Sj*+3,k,Sj'+2,lj,+l)- 

Thus, we conclude with j = j* + 2 taking 

n* = (no, . . . ,nj,_^_l,nl.,,nj*+3, . . . ,nm) 

and the Nikishin system 

* * {Sj' + l,lj,+l,(Tj*+2) 
7V(cri, . . . TjH.+2j.+2;j-+l,;^.+l,Sj.+3,;^..+l,crj.+4,. . • ,crm)- 

If m = j{= j* + 2), the system ends with the measure ^ '' ^^'J^l*^^' ^^^^'^ Tj-^^2.j'+2;j'+i,ij,+i- 

Let 7* + 3 < J < m. In (30), the measure multiplying Pj*+2 is transformed by means of (19), 
with cJq, = aj»+2,o'i3 = Sj*+3j and = Sj*+i,i^..+i. All other terms of X)j!Lj«+2 k^j reduced 
employing (18) taking f7„ = Sj.+2,j,(rp = Sj.+i,i^„+i, = Tj.+2,j and / = (remember 
that fj*+i.j,k is defined substituting j* by + 1 in the definition of ,fj'.j,k as was already used at 
the end of case A)). It is easy to verify that (30) adopts the expression 

c=PS + Ef^K'---'^fcT+ (31) 
fe=i 

/ ixL-. / * * {Sj'' + l,l^,+l,Sj'+2,j) 

l-lj' Plj,{(^l,-- - Tj*+2,j;j''+l,lj,+l) + 

/ ■,^r + l I * * (■Si*+3,i,Sj*+2,/^.+l) (Sj*+l,i^.+l,Sj.+2j) - 

(-1) Pj-+2{(Ti,... ,cr-.+i, ^ rj.+2,j;j*+i,; + 

E' r / * * (■Sj*+l,ij.+l,Sj*+2,j) - 
dk,jPk{<7l,- ■ ■ yf^j' + l, Tj^+2,j;j' + l,lj,+l, Jj''+l,j,kTj'+3,j,Sj-+2,j,Sj»+l,l.,+l) 

(^' = X)^j._|_3 fc,^^)) which has the same structure as (29). 

Let Ij'+i denote the subindex between those of no, . . . , n^.+i which was not employed in defining 

nl, . . . , n*.^i, then 

"ij.+i = min{no, . . . ,nj.+i}. 
Notice that in the situation of case A), = Ij*, and in case B), = j* + 1. Define 

rj'+2,j,Sj'+i^i..+i,Sj>+2,j, if max{min{no, . . . , n^. }, n^.+i} = n;^.. , 

(Si* + l,/^,.+l,Sj*+2,j) 



(Jj._^_2 - 



With these notations, formulas (29) and (31) may be unified in 



Tj'+2,j;j*+i,ij,+i, if max{min{no, . . . ,nj»},nj,+i} = n^-.+i. 



k=l 



NIKISHIN SYSTEMS ARE PERFECT 27 

(-1)^ + Pj,+2{a^,... ^ '-^ a.^^+ ) + 

m 

h,jPk{<jl,--- ,<J*.+i,(Tj-.%^' ,/j.+ij,fcTj.+3j,Sj.+2,;j-+i+l,Sj-+3j)- 

With this we conclude the induction and Lemma 2.3 has been proved. □ 

Before moving on, let us write down the expressions of the p^. after carrying out j — 1 steps. We 
will need their structure for further developments. We have 

rn 
fe=l 

where 

+ Cij,fePfe, fc = l,...,j-l, max{n;^_j,nfc} = 

-^)''~^Pk+C2,j,kPik-i, fc = l,---,j-l, max{n(fc_i, rife} = rift, 

-ly-Vi-i fc = i, mm{nij_^,nj-i} = nj-i, ^^2) 

= j, min{n(._,,nj_i} = n;._,, 
-l)-'pfc, k = j + 1,... ,m. 

Lemma 2.3 has an immediate consequence in terms of the orthogonality conditions satisfied by 
the linear form An (see (4)). Wc state it as a lemma which is useful to prove Corollary 1.2 and 
the results on the asymptotic behavior of sequences of these linear forms. 

Lemma 3.4. Let S and n = (ni;n2) G Z™^"*""^ x Z™^"*""^, |ni| = |n2| + 1, be given. Suppose that 
n2,j = max{n2,o + 1> '^2,1, • • • , '^2,m2}- Let = (rij^o, • ■ • )'T-2,rn2) a,ndN'{a'l* , . . . , a^J be a multi- 
index and a Nikishin system associated with 112 and N{a\,... ,(7^^) through Lemma 2.3. Set 
d(^o* = slj{x)da^ and (s^*o, sly,... , sg*„J = Af{al*, af*,... , a^J. Then, 



Pk=\ 



x" An{x)dsQ*k{x) = Q, z/ = 0, . . . ,n2^fe - 1, fc = 0, ...,m2. (33) 

Proof. For fc = 0, since dsQ*Q = da^* = s\ j(x)daQ, (4) reduces to (33) when Ca^{x) = 
x'^'s1j{x), 1/ = 0, . . . , 712^0 ~ 1' taking into consideration that n2fi — n2j. 
Let j + 1 < k < 1712. On account of Lemma 2.3 and (32) 



Consequently, from (4) and the orthogonality for A; = 0, we obtain 

= J x''slk{x)An{x)daUx) = 1^/ x''An{x)dsl*o{x) + {-ly J x-'Anix)dsl%ix) = 



-1)^' j x''An{x)dsl%{x), u = 0,... , n^k - 1, 



since n2 fe = n2,fe < n2j = Ti2^o,k = j + 1, . . . ,1712. Thus, for these values of k the assertion also 
holds. 

If e {1, . . . , j — 1} and max{n2,;fc_i,n2,fc} = n2,fe, from Lemma 2.3 and (32), it follows that 

Cn^x) = x-^sl,{x) = (jl^a;^ + {-ir-'x-^sl%)sl,. 

Using the same arguments as in the previous case, we obtain what is needed. Similarly, when k = j 
and min{n2,;j_2, «2,j-i} = '^2,j-i, then 

Cn^x) = x'^sIj_,{x) = (%^cc^ + {-ly-'x'^sljKj 



and integrating the statement follows. 
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Assume that (33) holds for all values of the parameter less than k,l < k < j, and let us show 

that it is also true for k. When max{n2,;^_^ , n2.fe} = n2^k, ^ l£ k < j — I, or min{n2.i _2 , n2,j-i} = 
n2j-i,k = j, we just proved that (32) is satisfied, so we must only consider the cases when 
max{n2,ife_i,n2,fe} = 112,1^.1, 1 < k < j - 1, and min{n2,;j._2, n2,j-i} = ri2,ij_^,k = j. In this 
situation, if 1 < fc < j — 1 we have that 

fc-i 

£„,(x) = x''sli^_^{x) = {Cox'' + J2 Cix-sl:, + {-iy''-^x''si%)sl^, (s?,o = 0). 

i=l 

where Cj, i = 1, . . . , fc — 1, are constants, Co is also a constant if Ik-i ^ and it is a first degree 
polynomial when Ik-i = 0. Prom (4) and the induction hypothesis, it follows that 

= j x''sli^_^{x)Ar,{x)dal{x) = J2 j Cix''Ar,{x)dsl%x)+ 

2 — 

(_iy-.-iy x''An{x)dsl*k{x) = {-iy'-' J x''Anix)dsl*,ix), = 0, . . . , n^^fc - 1 , 

since = fi2,;fc_i = inin{n2,0) • • • )^2,fc-i} < ^2 i,i = 0, . . . ,k — 1, and when = then 
"2,0 < n2j — ^^2,0- Notice that we have already proved (33) for all values of the parameter 
up to j — 1. When k = j and min{n2^;j_2, n2j_i} = n2^ij_2, proceed analogously taking 
= ^''^'i,ij_2 ■ Again, nlj < nl ^,i = 0, . . . , »^2,j-i ^^'^ '^^ can complete the induction. □ 

Remark 3.2. Fix fc e {1, . . . , m2}. Taking = l,Pi = 0, i ^ k,i = 0, . . . , m2, one obtains the 
formula that links s^ ^. with the measures Sq^q, . . . , Sq*^ (not all have to appear). 

Proof of Corollary 1.2. From Lemma 2.4, we have that 

J x''Qn{x)dso,k{x) = 0, u = 0, . . . ,nk - 1, k = 0,...,m. (34) 
Using the definition of type II Pade approximation, we have that for any polynomial Q, deg Q < nk 

Q{z){Qr,{z)S0,k{z) - Pn,k{z)) = 0{l/z), Z ^ OO. 

On account of (3), it follows that 

r,f r f \ d ^ ^^ / Q{x)Qn{x)dso,k{x) 

Q{z){Qn{z)So,k{z) - Pn,k{^)) = / ^ (35) 

J z - X 

Taking Q = 1, we obtain that 

"^-^'"^'^ = J — v^x — = q;:m y — ^x — 

Consequently, since the zeros of Qn{z) = nl=i(-^ ~ Xn,i) are simple and lie in the interior of 
Co(supp(7o) 

Pn,k{z) _ An,fc,» ^ ^ ^ lim (^ - a; .):?Jii^M - f Qn(^) '^so,fc(a^) ^^g^ 

Qn(-Z) Z — Xa^i ' ' z->Xn,i ' Qn(^) J Qn{Xn,i) X — Xn,i 

Let p be an arbitrary polynomials of degree < |n| + rife — 1 and i-n{z) = X]'='o q'^(^''^^)(z^x' ■) ^® 
the Lagrange polynomial of degree |n| — 1 which interpolates p at the zeros of Qn- Then 

{P- ^n){z) = q{z)Qn{z), degg<nfc-l. 

From (34), 

y"(p - ('n){x)dSQ^k{x) = 0. 

Consequently, using (36) 

/ p{x)dSo^k{x) = I £nix)dSo,k{x) = ^p{Xn,i) I ^"(^)^'^O^(^) =^K,k,iP{Xr,,i), 
J J J ^n\Xi\,i}\^ 

which gives the first statement of the corollary. 
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Let US consider the case when no = niax{no, ni — 1, . . . , — !}• According to (35) with Q = 1, 
Fubini's theorem, and (34) 



/ 



lix) I — dsi^k{t)dsofi{x) = I q^{x)Qnix)dso,oix) - I x''Qnix)dso.kix) = 0, 



t — X 

for all 1/ = 1, . . . , rife — 1 and k ~ 1,. . . ,m, since qi,{x) = J dsi^k{t) is a polynomial such that 
degg^ < nfe — 2 < rio — 1. This implies that 



iPiit) + 13Pfc(i)s2,fc(t))(Qn(i)so,o(i) - fn,o(i))rfsi,i(i) = 0, 

for arbitrary polynomials pk, deg pk < rife— 1, = 1, . . . , m. Since, by Theorem 1.1, (1, S2,2, • • • , ^2,m) 
is an AT-system, it follows that QnSb.o — Pn,o, has at least |n| — no sign changes in the interior of 
Co(supp cTi). 

Let Qn_i be a monic polynomial of degree |n| — no whose simple zeros are points where QnSo.o ~ 
Pn,o changes sign on Co(supp0-i). It is easy to verify that 



Qn,l{z) 

Using (2), we obtain 



0{l/z^), z^oo, i/ = 0,... ,|n|-l. 



/ 



x-'QM)^^ = 0, p = 0,... ,\n\-l. 



Qn,l{x) 

Then, for any Q,degQ < |n|, 

Q{z) - Q{x) dso,o{x 



Z-X Qn,l{x) 

which implies that 

Q{z)Qn{x) dso,o{x) 



n(^\ [ Qn(a:) rfso,o(a;) _ f 
^^ 'J z-x Q^,,{x) -J 



Z-X Qn,l{x)' 

In particular, with z = x^^i, taking Q{x) = Qn^i{x) and then Q{x) = q, (a;^^"(x-a:n j) > ^® have 
, _ f Qn{x) dsofiix) _ f Qn,i{x)Qn{x) dso,o(a;) 

An, 0,1 



QniXn^i) X ^n,i J QniXnA^{x X^^ i^ Qn,l('^) 
Q'ni 

[x) dsofi{x) _ 

Qn{Xn,i) "'^ J Q'rv{Xn,i){x - Xas) Qn,l{x) 

J U'n(Xn,.)(.-.n,j -Q^^AxT ^''''^^^ ' ^ = 1,..■,H 

Since ( tstt-^^w^ n ) is positive for all x G Co(suppsoo)) the second statement of 

Corollary 1.2 follows for fc = 0. Using standard arguments of one-sided polynomial approximation 
of Riemann-Stieltjes integrable functions (see e.g. [46, Theorem 15.2.2] and [22, Lemma 2]), the 
third statement is a consequence of the first two for any sequence of multi-indices A C Z™"*"^ such 
that for all n £ A, no = maxjno, ni — 1, . . . , rim — !}• In particular, the second and third statements 
are valid when n = (n, n + 1, . . . , n + 1). 

In the rest of the proof, we restrict our attention to multi-indices of the form n = (n, n + 
1, . . . , n + 1). Fix k G {1, . . . , m}. Since we have that = n + 1 = max{no + 1, ni, . . . , n^}, we 
can apply Lemma 3.4 with j = k and we obtain that Qn is multiple orthogonal with respect to n*, 
which has n -|- 1 in the first component, and a Nikishin system Af{aQ, ... , crj^) whose first measure 
is Sq = ^o,k- Consequently, the coefficients 

Qnjx) dso^kjx) ^ r Qnjx) dslo{x) 
must all have the same sign as 5o,fc. The convergence of the quadratures is obtained as before. □ 



30 



FIDALGO AND LOPEZ 



4. Proof of Theorems 1.3-1.4 

Proof of Theorem 1.3. For m = the result is trivially true since £„ = Po- When m = 1 it 
is easy to deduce. Indeed, if no > ni, take A the identity and S{X) = Af{(Ti); otherwise, no < ni 
and by Lemma 2.3 

Po+PiSi,i = {pq+pIti^i)si,i, degpQ < ni - 1, dcgpl<no-l. 

Hence, the solution is A such that A(0) = 1, A(l) ~ 0, and S'(A) = Af{Ti^i). In the following m > 2. 

Next, let us consider the case when no = max{no, . . . , rim}- If no > • • ■ > rim, the result is trivial 
taking A the identity and <S'(A) = Af{cri, . . . , am)- Otherwise, there exists m, < m < m — 2, such 
that no > • • ■ > nm, rim = niax{nm:, . . . , rim}, and rim+i < niax{nm-|-2, ■ • ■ , rim}- (Consequently, 
rim+i < rim-) 

We have 

m mm 

^ii=PO + ^PkSl,k =PO + ^PkSl,k+ X] Pk{<^l,--- ,(^m,Sm+l,k)- 

fc=l k=0 fc=m+l 

It is easy to check (see, for example. Lemma 2.1 in [31]) that for each k £ {m + 1, . . . ,m}, 

m 

Pk{(Tl,- ■ ■ ,0-fn, Srn+l,k) = ^fe,0 + + (fl, . . . ,Crrn,PkSm+l,k), (37) 

i=l 

<ieglk,i < degpfe — 1, and these polynomials have real coefficients. Since n^ < < ?im-i < no 
whenever k G {m+ 1, . . . , rim}, the polynomials i^i, i = 0, . . . , fn, fc = rn + 1, . . . ,m, are absorbed 
by the polynomials Pk,k = 0... ,to, without altering the bound on the degrees of the second. 
Therefore, there exist polynomials with real coefficients pk, degpk < — 1, fc = . . . , m, such that 

mm m 

Po + ^PfcSi.fe =Po + ^PfcSi.fe + (o-i, . . . , am, ^ PkSm+i,k) = 

k=l fe=0 k=m+l 

rn m 

Po + '^PkSi,k + {(^i,--- ,(^m,{Pm+i+ 51 PkSm+2,k)(^m+i) ■ (38) 

fe=0 k=rn+2 

By assumption n^+i < max{nm_|_2, . . . ,rim}- So, we can apply Lemma 2.3 on the linear form 
Pm+i + J2k=rn+2Pk'^rn+2,k- Thus, there exist a Nikishin system ^f{a^_^_2, - - ■ ,cr^), a multi-index 
(nij_|_i, . . . ,n*J G Z™^™, which is a permutation of {rim+i, ■ ■ - ,nm), and polynomials with real 
coefficients p^, degp^ < n^ — 1, fc = m + 1, . . . , m, such that 

m m 

Pm+1 + Yl PkSm+2,k = {Pk+i + XI Pk^+2,k)'^m+2,j, 

k=m+2 fe=m+2 

where j is such that nj = maxjnjjj+i, . . . ,nm} and n^_^_i = rij. Substitute this formula in (38) 
and reverse the application of (37) to pull out the polynomials pk of the product of measures. The 
new polynomials Ik.i,^ G {fn, + 1,... ,nm} which arise from this second application of (37) are 
also absorbed by the polynomials pfe, fc = 0, . . . ,m in (38) without changing the bound on their 
degrees. Therefore, we get that for certain polynomials with real coefficients p^., fc = 0, . . . , m 

m m 

^n=Po + 'YPkSi,k + Pm+i^i,j + X] Pk{(^i'--- '^rn, Sm+l,j , crm+2, • • • . 0-m). (39) 
k=l k=m+2 

which is a linear form generated by the multi-index n* = (no, . . . , rim, % ) '^si+2> • • • ' ^m)) and the 
Nikishin system M{ai,. . . , am, Sm+i,j,a^^2^ ■■■ ^'^m)- 

Now, we have that no > • • • > rim > nj and rij = max{nj , n^_,_2 , . . . , ri^}- If rim+2 > • • • > rim, 
we are done taking A such that n\{^k) = n^., ^i,x{0) = 1) and 

S{X) =M{ai,... ,am,Sm+l,j,a^j^2^. . . ,crj^). 

Otherwise, we repeat the process with the linear form on the right hand of (39). The new m will 
certainly be larger that the previous one and in a finite number of iterations we reorganize the 
entries of n in decreasing order obtaining with it A and S{\)- 
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If no < max{no, . . . , rim}, we apply first Lemma 2.3 and then proceed as have done before but 
with the form £* = p*, + '^f.-iPl.s*^ j, and the muhi-index n* arising from that lemma. Thus, 

we find a permutation A of (0, . . . , m) such that '^^j-q-j > ' • • > '^^(m)' ^^^^ ~ ■^('^i' " ■ • ' Pm), S-nd 
polynomials with real coefficients qk, k — 0, . . . , m, such that 

m 

= 9o + X] degg-fe < n^^^^ - 1, k = 0,...,m. 

fe=i 

If A* is the permutation due to Lemma 2.3 which transports n into n*, taking A = AoA* and 
S{X) = S{X), applying the formula of Lemma 2.3 the assertion of Theorem 1.3 again follows. □ 

Using induction we could have reduced a bit the proof of Theorem 1.3. Nevertheless, for the 
proof of Theorem 1.4 it was convenient to underline the fact that Theorem 1.3 is a consequence of 
iterating the use of Lemma 2.3 and the trick exhibited in (37)-(39). 

Proof of Theorem 1.4. If m2 = or ni2 = 1 and n2,o > ?^2,i the result is trivial. For m2 = 1 
and 722,0 < ^12,1 the statement is contained in Lemma 3.4. So, we restrict our attention to TO2 > 2. 

First, we consider the case when 712,0 = ^^^'^{^2,0, ■ ■ ■ 7 '^2.7712}- In this situation, the result is 
trivial again if n2,o > • ■ ■ > ?^2,m2- If this is not the case, there exists m, < m < 7712 — 2, such 
that 712,0 > • • • > n2,m, ri2,m = max{n2,m, • • • , n2,m2}. and 712,^+1 < max{772,rB+2, • • • , n2,m2}- 

According to (39), for any polynomials Pk,degpk < 722, fe — 1, (39) takes place; that is, 

m2 rn m 

fe=l fe=l k=m+2 

where j is such that n2j = max{7i2,m+ij • • • , '^2,m2}- This linear form is generated 

"2 = ("2,0'-- - '"2,m2) = {1^2,0,- ■■ , 722,™, ^^2,j, rig^^^+a- • • • >»^2,m2)' 

and the Nikishin system 

kT/ 2* 2* \ A /■/ 2 2 2 2* 2* \ 

■^(O-I ,(^^2) =.A/(cri,... ,cr^,S5s+l,j,^m+2>--- 

Consider the extended Nikishin system Af{aQ*,ai*, ... , a^^) = -^(cq, ""i*, • • • , (^mz)- '^^^ ^'^^^ -^n 
is of multiple orthogonality with respect to 112 and the extended Nikishin system. 

In fact, by definition. An satisfies 

j x" An{x)d8Q*k{x) = 7/ = 0, . . . , 7l2,fc — 1, fc = 0, ...,m + l, 

since si*,. = j., 72^ = 722,fc, k = 0,... ,m, So*5s+i = «o,i' '^2,m+i = ^2,3- To prove 

J x'^ An{x)dsQ*k{x) = 0, v = 0,. . . , 722^^, — 1, k — m + 2, . . . , 7722, 

one follows arguments similar to those employed in proving Lemma 3.4, choosing particular ex- 
pressions for £n2 of the form x'^'s^^ {k is not always equal to fc), and taking into consideration 
(37)- (39) as well as (32). The details are left to the reader. 

Once we have proved that An is of multiple orthogonality with respect to and the extended 
Nikishin system, one repeats the process finding a new m, which is obviously larger than the 
previous one, and in a finite number of iterations the statement follows. 

If n2fl < max{n2,o, • • • , ?^2,m2}, the proof is reduced to the previous case by Lemma 3.4. □ 

5. Proof of Theorems 1.5-1.6 and Corollary 1.3 

If we apply Theorem 1.3 to the form An, we obtain that there exists a permutation Ai of 
(0, ... ,m\) and an associated Nikishin system S{X\) = {r\-i,... ,r"i„j^) = N{p\,... ,p]n-^) such 
that 

nil nil 

•An = fln.O + X '^n.fc^l.fe ~ (^".0 + X ^n.fc^l,fe)^l>Al(0) = ^nS'l,Ai(0)> 

k=l k=l 
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where Si^Xi(o) = 1 if -^1(0) = 0, and deg b^^k < ^i,Ai(A:) — 1, = 0, . . . , mi. On the other hand, from 
Theorem 1.4, we know that there exists a permutation A2 of (0, . . . ,TO2) and a Nikishin system 
M{pq, . . . , where = s\ X2(Q)'^^^ such, that for each fc = 0, . . . , m2, 

y x" An{x)drl ^.{x) = j x''Bn{x)sx,x^(Q){x)drl ^.{x) = 0, i/ = 0, . . . ,n2,A2(fc) - 1- 

Therefore, is a hnear form, generated by the multi-index (?t.i.Ai(o)) • • • )'^i,Ai(mi)) s-i^d S'(Ai), 
which is of multiple orthogonality with respect to the multi- index ('t.2.A2(o)i • • • 1 T^2.\2(m2)) 
Nikishin system (si_Ai(o)?-o> • • • - ''^2) = ■^(si,Ai(o)P§, P?, • • ■ , Pm2)- other words, 

is the mixed type multiple orthogonal polynomial relative to the pair of Nikishin systems (5*^,5^^) 
and the multi-index n = (nijna) e 11^^+'^ x ZIJ'^+S where 

= (Ar(si_Ai(0)Po.pl>--- >Pmi).-^(Sl,Ai(0)P0'P?'-- - >Pm2))' 

and 

nj = («i,A,(0)j • • ■ I'^i.A.Cmi)), i = 1, 2. 

Both ni and n2 have decreasing components. Therefore, to derive Theorems 1.5 and 1.6 we can 
apply the results of [23] . 

Lemma 5.1. If{S^,S'^) satisfies the hypotheses of Theorem 5 {respectively 6) the same is true for 

Proof. The systems and S"^ are obtained transforming the generating measures of and 
S"^ through inversion of measures and multiplication by Cauchy transforms of measures supported 
on disjoint intervals. We have to check that these operations preserve the quasi-regularity of 
supports, the regularity of measures, and the property concerning the Radon-Nikodym derivative 
of the measure. 

Let fT e jM(A), a = Co(suppfT), r is the inverse measure of a, and 5 is a continuous function 
on A with constant sign and different from zero on A. 

It is trivial that the supports of a and ga coincide and that a' > if and only if ga' > 0. It 
is well known and easy to verify (using, for example, the minimality property of monic orthogonal 
polynomials) that a G Reg if and only if ga £ Reg as well. 

Regarding the inversion of measures, the Stieltjes-Plemelj inversion formula implies that the 
continuous parts of the supports of a and r coincide. From the formula relating a and r it is 
obvious that isolated mass points of a outside its continuous support become zeros of r (thus are 
no longer in the support of r). On the other hand, in each connected component of A \ supper, a 
may have at most one zero (counting multiplicity), because a is strictly monotonic when restricted 
to any one of those components. Such zeros of a become mass points of t. They arc isolated, 
so they can only accumulate on supper. Therefore, if supper = E Li e, where E is regular with 
respect to the Dirichlet problem and e is at most a denumerable set of points which may only 
accumulate on E, then supp t = E Ue where e is at most a denumerable set of points which may 
only accumulate on E. In particular, the same holds when E is an interval (case of Theorem 1.6). 

If cr e Reg then r € Reg. Indeed, the denominator Q„ of the n-th diagonal Fade approximant 
of a, taken with leading coefficient equal to 1, is the n-th monic orthogonal polynomial with respect 
to a. The numerator P„_i is an (n — l)-th orthogonal polynomial with respect to r. By Markov's 
theorem 

"i"W = "«' = = 

In particular, the leading coefficient c„_i of satisfies 

limc„_i = lim lim J! = 1™ za{z) = cr(A) ^ 0. 
--- -- Qn[Z) z^oo 



z—>oo 

Therefore, 



lim|g„(^)|i/" = cap(supp(T)e3"(^'°°) lim 



Pniz) 



1/n 



= cap(supp£7)e»"(^'°°\ 
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uniformly on compact subsets of C \ A, where gQ{z;oo) denotes Green's function of the region 
CI = C \ supper with singularity at oo. But supper and suppr differ on a set of capacity zero so 
their capacities coincide as well as the Green's function of the complement of their supports. The 
limits above are equivalent to regularity (see [45, Theorem 3.1.1]). 

That cr' > a.e. on an interval is equivalent to r' > a.e. on the same interval follows from 
the Stieltjes-Plemclj inversion formula. □ 

In order to prove Theorem 5 there is still one thing to be considered. The corresponding result 
[23, Theorem 1.3] for the case of decreasing components in ni,n2, was proved assuming that the 
supports of the measures were regular. We have to extend its applicability to the case of quasi- 
regular supports because, as follows from the proof of the previous lemma, the regularity of the 
supports of the measures generating {S^,S'^) does not guarantee regularity of the supports of the 
measures which generate (S^^S'^) since isolated mass points may arise. 

We need some notation. Aii{E) denotes the class of probability measures supported on E, and 

V'^{z)= J log^l^dM^) 
the logarithmic potential of the measures /U. If qi is a polynomials of degree I, 

is the associated normalized zero counting measure, where Sx is the Dirac measure with mass 1 at 
X. In [44, Theorem 1.1.3] the authors prove 

Lemma 5.2. Let E a C be a compact subset of the complex plane and (j) a continuous function on 
E. Then, there exists a unique Jl e Aii{E) and a constant w such that 

< w, z G supp/I, 
>w, z € E\A, cap(A) = 0. 



V''{z) + ^{z) 



fi and w are called the equilibrium measure and the equilibrium constant, respectively, in pres- 
ence of the external field ^ on the compact E. 

We are especially grateful to H. Stahl who gave us the clue for the following improvement of 
[23, Lemma 4.2]. 

Lemma 5.3. Let a G Reg, suppa C M, where suppa is quasi-regular. Let {(j)i},l G A c Z+, be a 
sequence of positive continuous functions on supp a such that 

lim ^ log ] = (t){x) > -oo, 

uniformly on supper. By {qi},l G A, denote a sequence of monic polynomials, degqi = I, and 

j x^qi{x)(j)i{x)da{x) =0, A; = 0, 1. 

Then 

* lim /i„, = /Z, 
in the weak star topology of measures, and 

1/21 



lim 
;eA 



qi{x)\ (j)i{x)da{x) 



exp(-w), 



where ix and w are the equilibrium measure and equilibrium constant in the presence of the external 
field 4> on supper =: E. We also have that 

lim I = exp {w - V^{z)), /C C C \ Co(supp(a)), 

where \\ ■ \\e denotes the sup norm on E. 
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Proof. Proceeding as in the proof of [23, Lemma 4.2] one shows that for any sequence of monic 
polynomials {pi}, I S A, such that degpi = I, 

limsup [ ^^'[fj I < exp {w - V^iz)), /C C C, (40) 
\\\Pi<l>i We J 

and 

limmf ||p;<^;/' 11^/' > exp (-«;). (41) 

In particular, these relations hold for {qi},l € A. In [23, Lemma 4.2], it is also proved that 

limsup||9,</);/'||J/' <exp(-«;), (42) 

where ||5(</'y^||2 is the norm of qi<p\^'^ with respect to a. We may assume, without loss of 
generality, that a is positive. In deducing (40)-(42), the regularity of supper is not required. 
Combining (41)-(42), it follows that 

Mm tot V">1. 



2 



Should 



then 



limsup f ML^y% 1, (43) 

Vile/'/';/ lb; 



and due to (41)-(42), we would have 

limsup ll^i^y^ll^^' = limsup ||9i<^;^''^||2'" = exp(—u;). (44) 

ZGA (gA 

Once (44) is attained, with the help of (40), one can conclude the proof as in [23, Lemma 7]. So, 
it remains to show that (43) takes place when we relax the regularity of supp a to quasi-regularity. 

In [45, Theorem 3.2.3] it is proved (sec (v) =^ (vi)) that (43) holds for any sequence of polynomials 
{pi},l € A, such that degp; = I, if the same property is satisfied when = 1,1 G A. Though the 
hypothesis of that theorem also contains the assumption that supp a be regular, the proof of this 
assertion is independent of the regularity condition. Therefore, let us show that (43) holds true 
when 0; = 1, / e A, and supper is quasi-regular. 

In fact, according to [45, Theorem 3.2.1 ii)] , we have that 

limsupfi^^V <exp(5n(2;oo)), /C C C, (45) 



!eA V Ibilh 

where (70(2; cxd) is the Green's function of the region = <C \ E with singularity at 00. Since 
E = E U e, where E is regular with respect to the Dirichlet problem and cap(e) = 0, we have that 
gn{z; 00) = g^{z; 00), fl = C\E, and g^{z; 00) extends continuously to all C. 

Fix e > and let = {z € C : g^iz; 00) < e}. This is an open set which contains E where 
gQ{z; 00) = identically. Since; the set e is at most denumerable and all its accumulation points 

are contained in E, it follows that e\Us has at most a finite number of points (or may be empty). 
Let {zi, . . . , zn} be the set of such points (should there be any). For each fixed k = 1,. . . ,N, 



J \\Pl\\2 

Consequently, 



limsup f^^^^V < 1> k = l,...,N. 

leA \ \\Pih J 
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since (T{zk) > 0. Because of (45) 



limsup 1 



EnUe 



mh 



i/i 



< exp(£) 



This, together with the previous inequaUty for fc = 1, . . . , A'', immediately imply that 



limsup -f— j— 



i/i 



< exp(e). 



The arbitrariness of e > renders what we set out to prove. 



□ 



The assumption that the points in e only accumulate on E is essential. If this was not the case 
one can construct examples where (43) does not hold. 

Proof of Theorem 1.5. We will prove |ni|-th root asymptotics for the sequence {Bn}. n e A. 
Since Si^;^^(o) (z) ^ 0, z € C \ Al, the statement of the theorem readily follows with the same limit. 

For definiteness, in reordering the components of a given n, let us take that unique pair of 
permutations (Ai, A2) such that for each i — 1,2, whenever Ui x^j^j-^ — ni \.(^k^ for some < j < fc < 
rrij, then Xi{j) < Xi{k). By A(Ai, A2), we denote the set of all multi-indices in A whose components 
ni.n2, are reordered decreasingly with Ai and A2 respectively. We are only interested in those 
A(Ai, A2) containing an infinite number of elements of A. Fix (Ai, A2) and let 



{S\S^) = (A/'(si,Ai(0)P0'Pl'-- - >Pmi)>-^(si,Ai(0)Po'Pl' 



be the pair of Nikishin systems associated with An by Theorems 1.3-1.4 with respect to which i3„ 
is a multiple orthogonal linear form. 
Set 



k=j 

Define the tri-diagonal matrix 
/ P2 



0, . . . ,mi, 



X]?'2,A2(fc)) 3 



c = 



"2+1 



-Tn2 + 1 



\ 











m2 + l 

+ lP-m2+2 



-ma + l-' 



"2+2 







-m2-F2 







0, . . . ,m2. 



\ 





(46) 



p2 I 
mi/ 



The sub-indices of the entries Cj^k of C run from — TO2 — 1 to mi -|- 1. 
Let A4i{Ek) be the subclass of probability measures of M{Ek), 



suppp^, k = l,...,mi, 



SUpppife, k = -1712, ■■■ ,0. 
Denote 

Ml = yWi(S_„J X • • • X Mi{EmJ ■ 

Given a vector measure /x = (/U-m^,... , /^mj G M.i and j S {— TO2,... ,mi}, we define the 
combined potential 



rni j. -, 

W^{x)= J2 c.-.ftl^'^M^), V''-{x)= I log — 

fe=— m2 



Set 



"^(m)= XI ^j''' J J u i I d'IJ'j{x)diJ.k{y) = j W^{x)diJ.j{x). 

From Propositions 4.1-4.5 in [37, Chapter 5] it follows that there exists a unique vector measure 
jS = (m_„,, . . . & Ml such that 

J{-p) = mi{J{fj,) : ^x G Ml}, (47) 
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and that exist constants Wj,j = — m2, ... ,mi, for which 

W^(x)l ^e^^PP'^.' (48) 

^ ^ ' \ > w^, xeEj\ Aj, cap(Aj) = 0. ^ ' 

for certain Borel sets Aj. For any two vector measures 1-1^,1-1^ G A4i such that J(/U^) < oo, J(/U^) < 
oo, straightforward calculations yield 

rni p 

J{„') - J{n^) = J{„' - ^1) + 2 5^ Iwf {x)d{n] - n]){x). 

j=-m2 

Since J(/u^ — /u^) > for all /Lt^,/z^ e A^i (see [37, Proposition 4.2]), and sets of capacity zero are 
negligible for measures with finite energy, if /x^ satisfies (48) it also satisfies (47). Thus, (47)- (48) 
are equivalent and a measure verifying any one of the two is unique (and so are the constants 
in (48)). /J is called the equilibrium vector measure, and = {wt^n^, ■ ■ ■ ,w!^^) the equilibrium 
vector constant, for the logarithmic potential governed by the interaction matrix C on the system 
of compact sets Ej,j = — TO2, . . . ,toi. 

From Lemma 5.1 we have that (5^, 5^) G Reg and the supports of the generating measures are 
quasi-regular. If An is monic (see Definition 1.6), due to the way in which Bn is constructed (in 
particular, see (32) in the proof of Lemma 2.3 and the proof of Theorem 1.4) it follows that 6n,mi 
is cither plus or minus x-ir^ \. Thus, its leading coefficient is either 1 or —1: that is, except 
for a sign change, is monic with the normalization imposed in [23, Theorem 5.1]. Following the 
proof of [23, Theorem 5.1], but using Lemma 5.3 instead of [23, Lemma 5.1], one finds that 

PiVT'^{z)-PoV^o{z)-2y^'^] , /CcC\(AiuAi), 

k^i J 

where Ji = Ji{C) = {'p_^^, . . . ,Jim-t) is the equilibrium vector measure and (u;'!^,^,^, . . . , w^^jj is the 
system of equilibrium constants for the vector potential problem determined by the interaction 
matrix C defined in (46) on the system of compact sets Ej,i — ~m2, ■ ■ ■ , mi. 

It is easy to see that the interaction matrix C does not depend on (Ai, A2) and that the compact 
sets Ej,j = — TO21 • • • T^i, for each fixed j, may differ only on a (denumerable) set of capacity 
zero depending on Ai, A2 (see proof of Lemma 5.1). Therefore, the equilibrium measure and the 
equilibrium constant are uniquely determined for any A(Ai,A2) containing infinitely many terms 
of A. Consequently, 

(mi -p:\ 
PiV''^{z)-PoV^'»{z)-2Y'^] , /CcC\(AjuAj). 
ti^^J (49) 

With this we conclude the proof. □ 



Remark 5.1. If we denote by Qn,o the monic polynomial whose zeros are those of under the 
assumptions of Theorem 1.5, we have (see [23, Theorem 4.2]) 

* lini HQ = JiQ. 

nGA 

There are other linear forms related with An whose asymptotic zero distribution and logarithmic 
asymptotic is described in terms of the other components of /Z and the vector equilibrium constant. 
This allows to give the logarithmic asymptotics of the polynomials an,k as well. For a view of what 
can be expected, see [23, Section 5]. These results can be used to give the exact rate of convergence 
of mixed type Hermite Fade approximants, see [23, Section 7] and [20, Theorem 7]. For example, 
in case of type II approximation, under regularity of the generating measures and quasi-regularity 
of their supports, the following limit exists 

lim Ijso.fe - ^^^lljc^'"'' /C C C \ (Co(supp(7o) U Co(supp(7i)), A: = 0, ...,to. 

neA Qn 

Proof of Theorem 1.6. The existence of the limit claimed in Theorem 1.6 follows directly 
from [23, Theorem 1.4], but to give an expression of the limit function, we must introduce some 
notions. 
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Let Ai, A2, and I = (Zi;Z2) be as given in Theorem 1.6. Consider the (mi + m2 + 2)-sheeted 
Riemann surface 

mi 

■R= U Tlk, 

fe= — 7712 — 1 

formed by the consecutively "glued" sheets 

T^-mj-i := C \ A_„2, 7^,j := C \ (Afe U Afe+i), fc = -TO2, . . . ,mi - 1, TZ^^ := C \ Ami , 
where the upper and lower banks of the slits of two neighboring sheets are identified. Define 

:= (Ar^(/i);A2-^(Z2)). 

Let V^'^ be a singled valued function defined on TZ onto the extended complex plane satisfying 

z 

^^\z) = C2Z + 0{S), z^oo(^'\ 
where Ci and C2 arc nonzero constants. Since the genus of TZ is zero, ip^''^ exists and is uniquely 
determined up to a multiplicative constant. Consider the branches of V'^'^ corresponding to the 
different sheets k = —1712 — 1, . . . , mi ofTZ 

Given an arbitrary function F{z) which has in a neighborhood of infinity a Laurent expansion of 
the form F{z) = Cz'' + 0{z''-'^), C 7^ 0, and fc e Z, we denote 

F:=F/C. 

Because of Theorem 1.4, Lemma 5.1, and the normalization adopted, the sequence {Bn},n € A, 
satisfies all the assumptions of [23, Theorem 6.8]. Consequently, 

lim = (0 V^f (^) , ^ C C \ (supp pI U supp pi ) , 

where C{1) is a constant, which only depends on I and can be determined exactly (see (69), (73), 
and (83) in [23]) in terms of the values of the branches of ip^'^^ at 00. Due to the relation between 
Bn and ^n, we obtain 

lim = C(OV^?^ (^), ^ C C \ (supp U Co(supp ai)), (50) 

neA Aii(Z) 

since suppcrg = supppj and Co (supp pj) C Co(suppcrj). □ 

Proof of Corollary 1.3. As in the proof of Theorem 1.5, for definiteness, in reordering the 

components of a given n, let us take that unique pair of permutations (Ai,A2) such that for each 
i = 1,2, whenever ni^Xi{j) = ^i,\i(k) some < j < k < rrii, then Xi{j) < Xi{k). By A(Ai, A2), we 
denote the set of all multi-indices in A whose components ni,n2, are reordered decreasingly with 
Ai and A2 respectively. We are only interested in those A(Ai, A2) containing an infinite number of 
elements of A. Fix (Ai, A2) and let 

{S^,S^) = (A/'(si,Ai(o)/5o>Pi. • • • , plm),-'^(siA,(o)pl, pI, ■ ■ ■ ,PmJ) 

be the pair of Nikishin systems associated with Aa by Theorems 1.3-1.4 with respect to which S„ 
is a multiple orthogonal linear form. 

Let M be the least common multiple of mi + 1 and m2 + 1, and define di := M/(mi + 1), 
d2 := M/(m2 + 1). Within the class of pairs I = (?i;^2) with < ^i < mi, < ?2 < m2, we 
distinguish the subclass 

L := {{h; I2) '■ h = ''mod (mi + 1), I2 = rmod (m2 + 1) for some < r < M — 1} . 

It is easy to check that for different r, < r < M — 1, the pairs (^1,^2) in L are distinct. Let 
P '■= (Pi) P2), where pi = (di, . . . , di) and P2 = {d2, ■ ■ ■ , (^2) have mi + 1 and m2 + 1 components, 
respectively. By n + p we denote the multi-index (rii + pi; n2 + P2); that is, n + p = n. 
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Given n e A(Ai, A2) and < r < M, let n(r) := n + q(r) where q(r) = (qi(r'); q2(r)) is the 
multi-index satisfying (qi(r) = {qi,o{r), ... , qi,mi ('')),« = 1, 2) 

Hence, n(0) = n, n(M) = n + p = n. It is easy to see that for all r G {0, . . . , M — 1}, the same 
pair (Ai, A2) reorders the components of n(r) giving rise to the same systems (5^, 5^). 
We have 

An+p{z) ^ -pr^ An(r+l){z) 

Due to (50) 

lim = n ^WV^'^^ (^), ^ C C \ (supp U Co(supp aj)), (51) 

where / = (h'jh) is precisely the multi-index satisfying li = rmod(mi + 1), I2 = rmod(m2 + 1), 
and / = (li;l2) = (Aj~^(Zi); A2 ^(^2))- The limit does not depend on (Ai,A2) because the set 
L = {(Zi; Z2) : (^1:^2) € L} is the same for all (Ai, A2). The proof is complete. □ 

Remark 5.2. The linear forms associated with An mentioned in the previous remark also satisfy 
ratio asymptotics in the spirit of the results contained in [23, Section 6]. 
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